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Abstract: The attractive class of higher-dimensional scenarios, based on a brane-localised
Higgs boson coupled to bulk fermions, can address both the puzzle of the structure of the
flavour space and the gauge hierarchy problem. In this framework, a key question arises
due to the possibility of fermion wave function discontinuities at the Higgs boundary: how
to build rigorously the Lagrangian and calculate the fermion mass spectrum as well as the
effective four-dimensional (4D) Yukawa couplings? We show that the proper treatment,
leading to physically consistent solutions, does not rely on any Higgs peak regularisation but
requires the presence of certain bilinear brane terms. In particular, no profile jump should
appear and the Higgs regularisations turn out to suffer from mathematical discrepancies
reflected in two non-commutativities of calculation steps debated in the literature. The
introduction of bilinear brane terms can alternatively by replaced by vanishing conditions
for probability currents at the considered flat interval boundaries. Indeed, both contribute
to the definition of the field geometrical configuration of the model, even in the free case.
The bilinear brane terms could allow to elaborate an ultra-violet origin of the chiral nature
of the Standard Model and of its chirality distribution among quarks/leptons. The current
conditions are implemented through essential boundary conditions to be contrasted with
the natural boundary conditions derived from the action variation. All these theoretical
conclusions are confirmed in particular by the converging exact results of the 4D versus 5D
approaches. The analysis is completed by a description of the appropriate energy cut-off
procedure in the present context. The new calculation methods presented, implying the
independence of excited fermion masses and 4D Yukawa couplings on the ‘wrong-chirality’
Yukawa terms, have impacts on phenomenological results like the relaxing of previously
obtained strong bounds on Kaluza-Klein masses induced by flavour changing reactions
generated via tree-level exchanges of the Higgs field.
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1 Introduction
The paradigm of scenarii with extra spatial dimensions (and the composite Higgs models
dual via the AdS/CFT correspondance) represents an alternative to supersymmetry for
addressing the deep gauge hierarchy problem of the Standard Model (SM). In particular,
the warped dimension scenarii [1] with SM fields in the bulk [2], although relying on a
unique fundamental energy scale, allow to generate the SM fermion mass hierarchy [3]
from a simple geometrical picture of fermion profiles (see e.g. Ref. [4–9]). To realise those
two hierarchical features, the Brout-Englert-Higgs scalar field [10, 11], providing a mass via
the ElectroWeak (EW) symmetry breaking, must be either stuck exactly on the so-called
TeV-brane (boundary of the finite extra dimension) 1 or located in the bulk with a wave
function only peaked at the TeV-brane. In contrast, in the gauge-Higgs unification models,
as described for instance in Ref. [18], protecting the Higgs mass down to lower energies,
the Higgs field propagates all along the extra dimension together with matter.
Recently, some attention has been payed on the mathematical context of the interaction
between Higgs and fermions both propagating along a (warped) extra dimension [19]: it
was found that to avoid possible pathological behaviours in the fermion sector, constraints
on the fermionic field Lagrangian must be imposed. Such consistency considerations are
interesting from the purely theoretical side and are crucial for the clear understanding
of higher-dimensional models being now searched and constrained at the Large Hadron
Collider (LHC) exploratory phase.
In the present paper, we discuss the rigorous treatment of the other case of a boundary-
localised Higgs scalar field, interacting with bulk quark/leptons propagating in a finite
interval, which presents subtleties that deserve to be looked at more deeply. Such a field
configuration occurs in the realistic warped models addressing the fermion mass and gauge
hierarchy. The case of bulk matter without interactions is also studied.
Let us recall these subtle aspects. First, a question arises about the correct treatment
of the specific object that is the Dirac peak entering each Lagrangian term which involves
the brane-Higgs boson. Secondly, this Dirac peak may induce an unusual discontinuity 2
in the wave function along the extra dimension (at the Higgs boundary where further
conditions arise from the Lagrangian variations) for some of the bulk fermions: the so-
called jump problem [21, 22]. These five-dimensional (5D) aspects have motivated the
introduction [21, 22] of a process of regularisation of the Higgs Dirac peak (smoothing the
peak or shifting it from the boundary) in the calculation of Kaluza-Klein (KK) fermion
1There exist other phenomenological motivations, like within neutrino mass models, for the Higgs boson
to be stuck at the boundary of an interval [12–16] or fermions to propagate in the bulk [17].
2Field jumps may arise in other frameworks [20].
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mass spectra and effective four-dimensional (4D) Yukawa couplings. Although there is no
profound theoretical reason to apply such a regularisation procedure (forcing interaction-
free boundary conditions for fermions), nowadays all the theoretical and phenomenological
studies of the warped models with brane-Higgs (see e.g. Ref. [5, 23–27]) are relying on this
Higgs peak regularisation.
In this paper, we first present the mathematical inconsistencies of this regularisation
procedure used in the literature. Then, instead of regularising, we develop the rigorous
determination of the profiles – taking into account the mathematical nature of the Dirac
peak in the Higgs coupling – which leads to bulk fermion wave functions without disconti-
nuities on the considered extra space. We conclude from this whole approach that neither
profile jump nor particular problem arises when a proper mathematical framework is used,
so that there is in fact no motivation to introduce a brane-Higgs regularisation.
As a consequence, we can now interpret two non-commutativities of calculation steps
for Higgs production and decay rates [24–26, 28] or for fermion masses and 4D Yukawa
couplings [29], previously studied in the literature, to be similar effects and confirmations
of the mathematical inconsistencies in the Higgs peak regularisation. Besides, the debate
in the literature about those two non-commutativities is thus closed by the useless nature
of this regularisation.
The correct methods without regularisation, together with their results, are illustrated
here in the derivation of the KK fermion mass spectrum – same ideas apply to the calcu-
lation of effective 4D Yukawa couplings. This spectrum calculation is done in a simplified
model with a flat extra dimension, the minimal field content (to write down a Yukawa
interaction) and without gauge symmetry. Nevertheless this toy model already possesses
all the key ingredients to study the delicate brane-Higgs aspects. Hence our conclusions
can be directly extended to the realistic warped models with bulk SM matter addressing
the fermion flavour and gauge hierarchy.
Several new spectrum calculation methods are proposed which further allow confirma-
tions of the analytical results. Those methods go through alternative uses like the 4D or
the 5D approach (one extra dimension case), and the fermion current determination from
the action variations – we generalise the Noether theorem to include brane-localised terms
like the Yukawa couplings – or by manipulating the equations of motion. Besides, the
correct derivation of the standard free fermion mass spectrum (in the absence of Yukawa
interactions) turns out to be a useful starting guide in particular for the 4D approach or
more generically for a solid comprehension of such higher-dimensional scenarios.
From an historical point of view, the correct method established here arises natu-
rally in the theory of variational calculus as the Lagrangian boundary term (brane-Higgs
coupling to fermions) is included in a new boundary condition instead of entering the equa-
tions of motion [30] (via a regularisation). Furthermore the present analysis follows the
prescription of considering the Dirac delta to be a distribution. By the way the Dirac
peak and distributions were formalised and validated mathematically during the 1940’s by
L. Schwartz [31, 32] precisely for the purpose of solving consistently physical problems.
Hence today it should not be avoided to respect the distribution formalism when facing
a physical problem involving an object like the Dirac delta, as it occurs in the present
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higher-dimensional context.
The rigorous results obtained for the KK mass spectrum and effective 4D Yukawa
couplings are different from the ones derived in general through the Higgs peak regular-
isation, as it is detailed in the present paper. This difference is physical, affecting then
phenomenological studies on indirect searches of KK states at high-energy colliders (in
particular via the Higgs production and flavour changing neutral currents), and analytical
(vanishing of the Yukawa coupling with ‘wrong’ fermion chiralities relatively to the SM),
which improves the precise theoretical understanding of the higher-dimensional set-up with
a brane-localised Higgs field.
Furthermore, the correct mass spectrum obtained here allows to point out the neces-
sity, for bulk fermions (with or without coupling to a brane-localised scalar field), to have
certain bilinear brane terms at boundaries which are fermion mass terms from the point of
view of the spinorial structure but do not introduce new mass parameters 3. Indeed, such
terms guarantee the existence of physical solutions (with correct profile normalisations,
Hermitian conjugate boundary conditions and satisfying the decoupling limit argument)
derived via the least action principle through the variation calculus. Their necessary pres-
ence is confirmed by the non-trivial exact matching between the 5D and 4D analytical
calculations of the mass spectrum.
At a brane without Yukawa coupling, instead of including such a bilinear term, we
find that one can alternatively impose as an essential boundary condition (in contrast
with natural boundary conditions coming from the Lagrangian variations) the condition
of a fermion current along the extra dimension vanishing at this brane – and exclusively
within the 4D approach in case of a brane with localised Yukawa interaction. Indeed,
the generic reason for the presence of bilinear brane terms is the consistent and complete
geometrical definition of models with a finite extra spatial interval in which fermionic
matter is stuck. Notice that the choice between the bilinear brane term presence and
the vanishing fermion current condition relies on the Ultra-Violet (UV) completion of the
model. Indeed the vanishing fermion current condition permits alternatively the existence
of physical solutions.
Therefore, a first possibility is that the UV completion generates bilinear brane terms
for the fermions on both boundaries (those with and without localised Yukawa coupling)
of the interval. Then the geometrical interval definition (interval boundaries and vanishing
5D fermion currents at these boundaries) would be completely contained in the action
expression. Now in case the UV completion would not induce bilinear brane terms on both
boundaries, such essential boundary conditions should be imposed at the brane(s) without
bilinear terms in order to define well the geometrical configuration and to have acceptable
physical solutions. We can thus conclude that, whether the geometrical set-up is defined
exclusively through the action expression [leading to the natural boundary conditions] or
(also) via additional essential boundary conditions depends on the origin of the model at
high-energies.
In case the UV completion produces bilinear brane terms for the fermions on both
3The potential 4D effective mass involves a dimension-full product of two profile boundary values.
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boundaries, at low-energies the chiral nature of the SM as well as its field chirality distri-
bution (Left-handed SU(2)L doublets and Right-handed singlets) are entirely induced by
the signs in front of these bilinear brane terms. This new relation shows how the parti-
cular chiral properties of the SM could be explained by an underlying theory, through the
bilinear brane term signs. We complete the analysis by a discussion, in this context, on the
appropriate treatment of the cut-off in energy due to the framework of higher-dimensional
models in a non-renormalisable theory.
The paper is organised as follows. First we describe the minimal model in Section 2,
before presenting the free case and the 4D treatment of the coupled fermions in Section 3.
The 5D approaches are exposed as well, with (Section 4) and without (Section 5) regular-
isation. Finally, an overview is provided in Section 6, together with a description of the
phenomenological impacts. We summarise and conclude in the last section.
2 The minimal consistent model
2.1 Space-time structure
We consider a 5D toy model with a space-time E5 =M4 × C1.
• M4 is the usual 4D Minkowski space-time. An event in M4 is characterised by its
4-vector coordinates xµ where µ = 0, 1, 2, 3 is the Lorentz index. The metric and
conventions used are given in Appendix A.
• C1 is a finite 1D flat compactified extra space. For our purpose we consider the
following simple case: the interval C1 ≡ [0, L], with a length L ∈ R?+, parametrised
by the continuous extra coordinate y and bounded by two flat 3-branes at y = 0 and
y = L.
• A point of the whole 5D space-time E5 is labeled by its coordinates zM with an index
M ∈ J0, 4K. zM can be split into (xµ, y).
2.2 Bulk fermions
We consider the minimal spin-1/2 fermion field content allowing to write down the 4D
effective renormalisable SM Yukawa-like coupling between zero-mode fermions (of different
chiralities) and a scalar field (see Section 2.5): a pair of fermions Q and D. Both are
propagating along the extra dimension, as we have in mind a model extension to a realistic
scenario with bulk matter (c.f. Section 2.6) where Q,D will be respectively SU(2)L doublet
down-component and singlet quark fields. The 5D fields Q(xµ, y) and D(xµ, y) have thus
the following kinetic terms in the covariant 5D action,
SΨ =
∫
d4x dy
i
2 (Q¯Γ
M∂MQ − ∂M Q¯ΓMQ + {Q↔ D}) , (2.1)
where the last term indicates a field replacement and ΓM denotes the 5D Dirac matrices (see
Appendix A). In our notations, the 5D Dirac spinor, being the irreducible representation
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of the Lorentz group, reads as,
Q =
(
QL
QR
)
and D =
(
DL
DR
)
, (2.2)
in terms of the two two-component Weyl spinors, for the field Q and D respectively. L/R
stands for the Left/Right-handed chirality.
Let us rewrite the bulk action of Eq. (2.1) in a convenient form. Using the definition←→
∂M =ˆ
−→
∂M −←−∂M and applying integrations by part along the usual 4-coordinates, it can be
recast into SΨ =
∫
d4x dy LΨ with
LΨ =
∑
F=Q,D
{
iF †Rσ
µ∂µFR + iF †Lσ¯
µ∂µFL +
1
2
(
F †R
←→
∂4FL − F †L
←→
∂4FR
)}
, (2.3)
omitting the global 4-divergence which must vanish in the action integration due to van-
ishing fields at (infinite) boundaries. Indeed, when minimising the action, we see that the
varied terms must vanish separately at (infinite) boundaries, since the generic non-vanishing
field variations at boundaries are independent from each other and from bulk ones. This is
realised by the standard configuration of vanishing fields themselves at boundaries which
is compatible with the wave function normalisation conditions.
2.3 Bilinear brane terms
Interestingly, in the absence of vanishing fermion current condition at a boundary of the
considered interval [0, L], the presence at this 3-brane of some bilinear terms, for bulk
fermions being either free or coupled to a scalar field on this brane, turns out to be necessary.
Indeed, these bilinear terms insure the existence of physical solutions [see Section 3 for the
4D approach and Section 5 for the 5D one] deduced from the least action principle. The
theoretical reason for the presence of the Bilinear Brane Terms (BBT) at the boundaries
of the interval is the correct geometrical configuration definition for models where fermions
cannot propagate beyond the two boundaries, as will also be described in Sections 3 and 5.
These sections will also point out the 4D/5D matching of the mass spectrum exact result
which constitutes in particular a confirmation for the necessary presence and exact form
(including coefficients) of the BBT.
Necessary BBT read as 4,
SB =
∫ L
0
d4x dy [ {δ(y − L)− δ(y)} LB ] , with LB = 12
(
Q¯Q− D¯D
)
, (2.4)
where δ(y − L) denotes the Dirac peak at y = L. Indeed, those BBT will lead to the set
of boundary conditions in Eq. (3.21) for the wave functions qn(y), dn(y) of the 5D fields
Q,D which then possess a non-vanishing normalisable zero-mode (m[n=0] = 0) for only
4Similar terms, leading in particular to LB = 12(Q¯
DQD − D¯D), would hold in a model version extended
to the EW symmetry of the SM, with the Q field promoted to an SU(2)L doublet. In contrast, terms of
the kind Q¯UD (or Q¯D), Q¯UQD or U¯D would obviously not belong to a gauge invariant form.
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one chirality [L or R as sin(m[n=0] y) = 0]; hence at low-energies (below the first KK mass
eigenvalue m1), only one chirality of a given 4D field arises in the KK decomposition (3.5)
so that one recovers the chiral nature of the SM. Furthermore, within an extended realistic
model (as described in Section 2.6) where the Q(D) field would be the down-component of
an SM SU(2)L gauge doublet, the unique chiralities of the zero-mode 4D fields Q(D) 0L (xµ)
and D0R(xµ) predicted by Eq. (3.21) via Eq. (3.5) would well correspond to the SM chirality
configuration 5. Notice that Eq. (3.5) [involving KK modes rather than mass eigenstates]
and Eq. (3.21) are valid within the relevant 4D treatment of the localised Yukawa inter-
action where it is explicit that the SM particles (whose mass mainly originates from the
EW symmetry breaking) are indeed mainly composed by the zero-modes (small mixings
with the massive KK states), as imposed by the small experimental deviations generally
observed with respect to the theoretical SM predictions.
Therefore, it is remarkable that the BBT allow to make a step towards the UV expla-
nation of the well-known SM chiral properties (chiral nature and chirality configuration)
by directly linking these chiral aspects to explicit signs in front of Lagrangian terms (BBT
signs), as described right above. Then the last step would be to build a UV completion
of the model to generate these BBT signs. In other words, the entire control of the chiral
structure by the BBT signs is a new feature that shows how an underlying theory could
produce the SM chiral structure.
For completeness, we mention that the two other BBT sign configurations,
S′B =
∫ L
0
d4x dy
[ {δ(y − L) + δ(y)} L′B ] , with L′B = σ 12 F¯F (2.5)
and σ = ±1, for 5D fields of the form (3.5) lead to the two sets (3.22) of boundary
conditions and in turn to a vector-like field content, as for the so-called custodian fermions
in custodially protected warped models [33]. Indeed, Eq. (3.22) leads to the absence of
zero-modes (m[n=0] 6= 0) and hence any KK state has both Left and Right chiralities.
Notice here that Eq. (3.5) and Eq. (3.22) are valid for the free case. Once again, the
control of the vectorial structure by the BBT signs is a novel characteristic that shows how
a UV completion could produce a vector-like field content.
What is the direct effect of the BBT (2.4) on the final fermion mass eigenvalues? In the
4D approach and in the case without Yukawa interaction [see Section 3], these BBT have
no effect on the 4D fermion mass matrix [Eq. (3.35)]: after injecting the profile solutions,
those BBT vanish due to the induced boundary conditions of Eq. (3.21) which impose that
one of the two wave functions (L or R) 6 entering the BBT 5D fields [c.f. Eq. (3.5)] is equal
to zero, at y = 0 [sin(mn 0) = 0] and y = L [sin(mn L) = 0], systematically for each one
of the two Lagrangian BBT (2.4). In contrast, in the 5D approach, the BBT (2.4) play a
numerical and direct rôle in the fermion mass spectrum, through the boundary conditions
coming from the action variations [see Section 5].
5Taking the opposite sign for each of the four terms in Eq. (2.4) would lead to exchanged boundary
conditions between qn(y) and dn(y) relatively to Eq. (3.21) and in turn to another chirality configuration.
6For instance, D¯D = D†LDR +D
†
RDL.
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Formerly, this kind of bilinear fermion brane terms (2.4)-(2.5) was first introduced by
hand to derive the more specific AdS/CFT correspondance in the calculation of correlation
functions for spinors [34, 35] – the exact AdS/CFT duality being possibly realised in the
UV completion of warped models (from which the present simplified scenario is inspired).
Then within this AdS/CFT paradigm, similar boundary terms have been added at the UV-
brane only (y = 0) to guarantee the minimisation of the action in the holographic version
of the warped model with bulk fermions [36]. The least action principle was also invoked in
Ref. [37] to justify such bilinear fermion brane terms in the AdS/CFT context and through
the path integral formalism. Equivalently, still in the AdS/CFT framework, these terms
have been motivated in the Lagrangian density from an action form involving explicitly
the Hamiltonian (to obtain a consistent Hamiltonian formulation when performing the
Legendre transformation) [38]. Other boundary-localised terms were also introduced in
a field theory defined on a manifold with boundaries within the context of gravity: the
Gibbons-Hawking boundary terms [39–42]. Those terms are needed to cancel the variation
of the Ricci tensor at the boundaries of the manifold.
The finite geometry set-up is defined via either the BBT inclusion or the vanishing
fermion current condition, depending on the considered UV completion of the model. From
the point of view of the effective field theory, it means that it can happen that the under-
lying theory does not forbid (through a short-distance mechanism or a residual symmetry)
any possible non-renormalisable Lorentz-invariant operator involving the 5D fields Q,D
(including covariant derivatives) up to dimension 5 – this dimension choice being moti-
vated in Section 2.5 – in the low-energy effective model described in this Section 2. Then
the present fermionic operators would be those included in the considered Actions (2.3)
(dimension 5 operators) and (2.4) (dimension 4 operators): the BBT part.
Notice that bulk mass terms, usually modifying the bulk fermion profiles, bring use-
less complications so we will not consider them in our present calculations, as the paper
conclusions on fermion couplings to a brane-field can be easily extended [43].
2.4 Brane-localised scalar field
The subtle aspects arise when the fermions couple to a single 4D scalar field, H, confined
on a boundary taken here to be at y = L (as inspired from warped scenarii addressing the
gauge hierarchy problem). The action of this scalar field has the generic form
SH =
∫
d4x dy δ(y − L) LH , with LH = (∂µH)?(∂µH)− V (H) (2.6)
where the potential V possesses a minimum which generates a non-vanishing Vacuum
Expectation Value (VEV) for the field developed as
H = v + h(x
µ)√
2
in analogy with the SM Higgs boson.
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Note that one could think of replacing (up to a constant) the δ(y−L) peak in Eq. (2.6)
by an Heaviside step 7 function Θ(L − y) that could play a similar rôle of localising the
scalar field Lagrangian at the boundary y = L. Nevertheless, the integration in Eq. (2.6)
over the interval [0, L] would then be strictly equivalent to the integration over [0, L[ and
in turn equal to zero given the vanishing Heaviside function value there. Such a situation
would in fact correspond to the total absence of the H scalar field which conflicts with the
considered field content hypothesis.
2.5 Yukawa-like interactions
We focus on the following basic interaction in order to study the subtleties induced by the
brane-scalar field coupling to bulk fermions,
SY = −
∫
d4x dy δ(y − L) LY , with LY = Y5 Q†LHDR + Y ′5 Q†RHDL + H.c. (2.7)
Considering operators, involving H, Q and D, up to dimension 5 allows to include this
Yukawa coupling of interest 8. The coupling constants Y5 and Y ′5 of Yukawa type, entering
these two distinct terms, are independent [i.e. parameters with possibly different values]
as a well-defined 4D chirality holds for the fermion fields on the 3-brane strictly at y = L
(see for instance Ref. [22]).
In order to avoid the introduction of a new energy scale, one could define the 5D
Yukawa coupling constants by giving their explicit dependence in L: Y5 = Y4L and Y ′5 =
Y ′4L, where Y4, Y ′4 are dimensionless coupling constants of O(1). Then Y4 can be identified
with the SM Yukawa coupling constant, as shown when applying the decoupling limit
(infinitely heavy KK masses and any new physics energy scale) 9.
From now on, we restrict our considerations to the VEV of H as the aim is to calcu-
late the KK fermion mass spectrum which is unaffected by the interactions of the h(xµ)
fluctuation field with fermions. Hence, we concentrate on the following action issued from
Eq. (2.7),
SX = −
∫
d4x dy δ(y − L) LX , with LX = X Q†LDR + X ′ Q†RDL + H.c. (2.8)
with the compact notations X = vY5√
2
and X ′ = vY
′
5√
2
.
7Θ(r) = 0 for r > 0 and Θ(r)=ˆ1 for r = 0.
8Notice that for instance a dimension-6 operator of type 1
M2 δ(y − L)Q†L/RH2DR/L, M being a mass
scale, would be treated in a similar way as the couplings in Eq. (2.7) (and can contribute to the Yukawa
couplings (2.7) through the scalar field VEV).
9Note that in the decoupling limit where in particular L→ 0, generally Y5 → 0 due to the dimension of
the 5D Yukawa coupling constants.
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2.6 Model extension
The toy model considered is thus characterised by the Lagrangian
S5D = SΨ + SB + SH + SX . (2.9)
Nevertheless, the conclusions of the present paper can be directly generalised to realis-
tic warped models with bulk SM matter solving the fermion mass and gauge hierarchies.
Indeed, working with a warp extra dimension instead of a flat one would not affect the con-
ceptual subtleties about coupling bulk fermions to a brane-scalar field [43]. The boundaries
at y = 0 and y = L could then become respectively the Planck and TeV-branes. Similarly,
the scalar potential, V (H), can be extended to any potential [like the SM Higgs potential
breaking the EW symmetry] as long as it still generates a VEV for the scalar field as here.
In this context the H singlet can be promoted to the Higgs doublet under the SM SU(2)L
gauge group, simply by inserting doublets in the kinetic term of Eq. (2.6). The whole
structure of the coupling of Eq. (2.8) between bulk fermions and the localised VEV would
as well remain identical in case of fermions promoted to SM SU(2)L doublets: after group
contraction of the doublet (QU , QD)t with down/up-quark singlets D,U , one would obtain
two replica of the structure (2.8) with the forms QD†C DC′ and Q
U†
C UC′ where C(′) ≡ L,R
denotes the chirality. Hence the procedure described in this paper should just be applied to
both terms separately 10. A same comment holds for the SM colour triplet contraction and
the field content extension to the three flavours of quarks and leptons of the SM. Notice
that the flavour mixings would be combined with the mixings among fermion modes of
the KK towers, without any impact on the present considerations about brane-localised
couplings.
3 4D Perturbative approach
3.1 5D aspects for (formally) free fermions
In this part, we calculate the fermionic mass spectrum in the basic case where Y5 = Y ′5 = 0
in Eq. (2.7) (studied in various references [21, 29, 36, 44–51]), pointing out the correct
treatment. Let us also remark that in this case there is no 4D/5D matching condition to
look at (pure 5D calculation of the masses). The main interest of this section is to develop
the rigorous procedure for applying the boundary conditions.
3.1.1 Absence of Yukawa couplings
Natural boundary conditions
In order to extract from the relevant Lagrangian (2.3) the Equations Of Motion (EOM) and
the Boundary Conditions (BC) for the bulk fermions, we apply the least action principle –
10The fermion actions in Eq. (2.3) and (2.4) would be trivially generalised as well to a scenario with a
gauge symmetry.
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or Hamilton’s variational principle – for each of them (F = Q,D 11). Assuming, at a first
level, the boundary fields F (xµ, y = {0, L}) =ˆ F |0,L to be initially unknown (unfixed), they
should be deduced from the action minimisation with respect to them, considering thus
non-vanishing generic 12 variations δF |0,L 6= 0 13. In other words, F |0,L should be then
obtained from the so-called Natural Boundary Conditions (NBC). The stationary action
condition can be split, without loss of generality (the functional variations are generic so
that δQ¯ and δD¯ are independent), into action variations with respect to each field Q¯ and
D¯:
0 = δF¯SΨ =
∫
d4x
∫ L
0
dy
[
δF¯ iΓM∂MF +
1
2 ∂4
(
δF¯ γ5F
)]
(3.1)
as written after we have expressed Eq. (2.3) in terms of the four-component spinors, based
on the Dirac matrices of Appendix A, and integrated by part its last two terms. Note
that δ(∂M F¯α)∂LΨ/∂(∂M F¯α) = 0 [α being the implicitly summed spinor index] was used
to obtain Eq. (3.1). Besides, the variations δF¯ |0,L 6= 0 appear in the second term of
this equation (pure boundary terms after integration over y of the global ∂4 derivative)
generated by the action minimisation with respect to F¯ at the boundaries.
Following the theory of variational calculus [52, 53], the distinct terms of Eq. (3.1)
vanish separately (respectively the volume and the surface terms) to insure that δF¯SΨ = 0
still for generic and in turn independent field variations:
δF¯SΨ = 0 ⇒
 0 = δF¯ iΓ
M∂MF , ∀xµ, ∀ y ∈ [0, L]
0 = δF¯ γ5F |0 = δF¯ γ5F |L , ∀xµ
(3.2)
where the first (second) line constitutes the bulk EOM (NBC) 14. Notice that the NBC
originate from the last term of Eq. (3.1) obtained after an integration by part of the initial
action. Using once more the fact that for the searched bulk fields, the δF¯α(zM ) for any
δF¯α [α = 0, 1, ..., 4] are independent from each other and non-vanishing, it is useful for
the following to recast Eq. (3.2) into these two-component spinor relations (still using
Appendix A),
iΓM∂MF = 0 ⇔
 iσµ∂µFR = −∂4FL
iσ¯µ∂µFL = ∂4FR
(3.3)
and,
γ5F |0 = γ5F |L = 0 ⇔ FL|0 = FR|0 = FL|L = FR|L = 0 . (3.4)
11EOM and BC for the fields and their conjugates are trivially related through Hermitian conjugation.
12A field variation reads as δF (zM ) =  η(zM ) with a generic function η(zM ) and an infinitesimal param-
eter → 0.
13Then in the final step, once for instance the field F |L is found and fixed by the solution (not initially
fixed as an hypothesis in this considered case), its resulting determined form does not imply δF |L = 0 which
would be incompatible with the starting non-vanishing field variation: there are sometimes confusions in
articles about these chronological aspects of the variational calculus.
14We find the Hermitian conjugate EOM and NBC by integrating by part the bulk piece of the relation
δFSΨ = 0 (non-vanishing boundary terms from integration over the extra dimension then contribute) in
order to get rid of the field factors ∂MδF .
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Let us now deduce, from those equations involving the 5D fields, the relations on their
profiles along the extra dimension.
The naive approach
To develop a 4D effective picture, let us replace the 5D fields, in the relations obtained just
above, by their standard solution in the form of a KK decomposition,
FL/R (xµ, y) =
1√
L
+∞∑
n=0
fnL/R(y) FnL/R (xµ) , (3.5)
where fnL/R = qnL/R or dnL/R are the dimensionless wave functions along the extra dimension
associated respectively to the 4D fields FnL/R = QnL/R or DnL/R of the KK excitations. The
integer n is defined throughout the whole paper as being the level index of the heavy
fermion mode [here the KK state 15] tower and is chosen to be positive; the meaningful
feature about the general KK decomposition (3.5) is rather the infinite summation (possibly
also from −∞ to +∞) dictated by field expressions as Fourier series on a finite interval.
Inserting Eq. (3.5) into the 5D field relations (3.3) and using the following two-
component Weyl equations for the 4D fermions (issued from the four-component Dirac
equation) 16,  iσ¯
µ∂µF
n
L (xµ) = mn FnR (xµ)
iσµ∂µF
n
R (xµ) = mn FnL (xµ)
, (3.6)
wheremn are the KKmasses 17 for the fermions 18, one can directly extract these differential
free equations for the profiles:
∀n ≥ 0 ,

∂4qnR(y) = mn qnL(y)
∂4qnL(y) = −mn qnR(y)
∂4dnR(y) = mn dnL(y)
∂4dnL(y) = −mn dnR(y)
. (3.7)
These four equations have been obtained by writing the equality, per KK level, between each
term of the KK state sums on the left-hand side and right-hand side of Eq. (3.3) (and by
simplifying thanks to identical 4D fields on each side), instead of considering compensations
between different terms in Eq. (3.3) which would mean having physical 4D fields FnL/R (xµ)
[solutions of Eq. (3.6)] expressed as linear combinations of other mass eigenstates Fn′L/R (xµ):
such re-expressions would induce, in the Lagrangian, KK mass mixing terms for the mass
eigenstates which is not consistent.
15Not yet the mass eigenstate in case of Yukawa interactions.
16Within the natural unit system.
17Also mass eigenvalues in absence of Yukawa interactions.
18The same masses mn enter the Weyl equations for the QnL/R(xµ) and DnL/R(xµ) fields which are des-
cribed by separate and identical terms in the considered Lagrangian.
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Deriving and combining the first order differential equations (3.7), one can decouple
them into the second order differential equations
∀n ≥ 0 , ∂24fnL/R(y) = −m2n fnL/R(y) (3.8)
being the equations of independent harmonic oscillators, whose solutions possess the general
form
∀n ≥ 0 , fnL/R(y) = AnL/R cos(mn y) +BnL/R sin(mn y) (3.9)
where AnL/R, BnL/R are constant parameters.
Now inserting Eq. (3.5) into the 5D field conditions of Eq. (3.4), we obtain the following
vanishing conditions for any profile
∀n ≥ 0 19 , fnL/R(0) = fnL/R(L) = 0 (3.10)
avoiding inconsistent relations among mass eigenstate 4D fields, as explained below Eq. (3.7).
Those conditions, combined with Eq. (3.7) and Eq. (3.9), give rise to the vanishing
profiles fnL/R(y) = 0 (∀n ≥ 0) 20 which are not compatible with the two ortho-normalisation
conditions for fnL(y) and fnR(y),
1
L
∫ L
0
dy fn?L/R(y) fmL/R(y) = δnm , ∀n ≥ 0 ,∀m ≥ 0 , (3.11)
coming out from the imposition of canonical and diagonal normalised kinetic terms for the
4D fields after inserting the KK decomposition (3.5) into the 5D field kinetic terms (2.1).
The theoretical inconsistency obtained here for the considered free model reveals a
problem in the treatment of a simple boundary without localised couplings to bulk matter
(which is the case of both boundaries here). The correct treatments, based on either
fermion current conditions at the boundaries or boundary-localised terms (the BBT), are
exposed respectively in the two following subsections.
3.1.2 Introducing the fermion current condition [EBC]
The current from action variations
In fact, the free version [Y5 = Y ′5 = 0] of the model defined in Section 2 (and finite
extra dimension scenarii in general) does impose conditions on the bulk fermions at the
extra dimension boundaries, which were not included in the above naive analysis. These
conditions contribute to define the geometrical field configuration of the considered model.
They will constitute the so-called Essential Boundary Conditions (EBC), as imposed by
the model definition, which are complementary to the NBC already defined in Eq. (3.2).
Indeed the NBC come from an integration by part of the initial action with respect to the
19Throughout this paper, the notation “∀n ≥ 0” applies on the natural integer n defined in Eq. (3.5):
n = 0, 1, 2, 3, . . .
20fnL(0) = 0, ∀n, and Eq. (3.9) lead to AnL = 0 so that fnL(y) = BnL sin(mn y). Then Eq. (3.7) induces
fnR(y) = AnR cos(mn y) and in turn fnR(y) = 0 from fnR(0) = 0. Hence Eq. (3.7) imposes BnL = 0 = fnL(y).
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fifth dimension over the interval [0, L] and thus take into account the space-time structure
itself.
Regarding the geometrical field configuration within the present free model, each
fermion field is defined only along the interval [0, L]. This model building hypothesis, that
fermions neither propagate towards nor come from the outside of a finite range, translates
into the condition of vanishing probability current at both boundaries for each independent
fermion species separately (without possible compensations).
Formally speaking, after having varied the Lagrangian (2.1) [see Eq. (3.1)] and in turn
derived the bulk EOM (3.3) [from the first relation of Eq. (3.2)] as well as the NBC [second
relation of Eq. (3.2)], the application of the Noether theorem demonstrated in Appendix B
(by using the EOM) 21 gives rise to the two probability currents (B.4) defined independently
for the two bulk fermions 22 represented by the 5D fields F = Q,D:
jMQ = −αQ¯ ΓMQ , jMD = −α′D¯ ΓMD , (3.12)
associated to the two global U(1)F symmetries of the free Action (2.1) corresponding
respectively to the distinct transformations,
Q 7→ eiαQ , D 7→ eiα′D . (3.13)
α, α′ (∈ R) are continuous parameters entering for instance the infinitesimal field varia-
tions 23:
δQ = iαQ , δQ¯ = −iαQ¯ . (3.14)
Now the 4 conditions of vanishing probability currents are thus,
j4F
∣∣∣
0,L
= −α(′) F¯ Γ4F
∣∣∣
0,L
= iα(′)
(
F †RFL − F †LFR
)∣∣∣
0,L
= 0 , ∀xµ , (3.15)
where we have used Eq. (2.2). For a non-trivial transformation (3.13) [α(′) 6= 0], the
condition (3.15) on the 4D fields FnL/R (xµ) [c.f. Eq. (3.5)] entirely fixed by Eq. (3.6) leads
to an equation on the 4D space-time coordinates and momenta whereas the fields of the
considered model must be defined in the whole 4D space-time and for any 4D momentum.
The most general way out is to make of Eq. (3.15) a trivial equality by having
FL|0 = 0 or FR|0 = 0, and, FL|L = 0 or FR|L = 0 (3.16)
corresponding to a vanishing coefficient in each term of the condition (3.15):
fnL(0) = 0 or fnR(0) = 0, and, fnL(L) = 0 or fnR(L) = 0,∀n ≥ 0, (3.17)
which avoids inconsistent relations among mass eigenstate 4D fields, as discussed below
21Valid trivially in the absence of BBT as well.
22See Ref. [44] for scalar field currents.
23We use different notations for the infinitesimal field variations under specific transformations, δF , and
generic field variations in the variation calculus, δF .
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Eq. (3.7).
These necessary conditions (3.16) of vanishing fields at boundaries are the EBC and
correspond to some fields initially fixed at boundaries. Having such known fields at boun-
daries imposes [52] to have vanishing functional variations,
δFL|0 = 0 or δFR|0 = 0, and, δFL|L = 0 or δFR|L = 0 . (3.18)
There is an overall consistency since no action minimisation with respect to a field FL/R
∣∣∣
0,L
(relying on δFL/R
∣∣∣
0,L
6= 0) is needed for such a known fermion field at a boundary. In
contrast with the first treatment [above] where the boundary fields F |0,L were assumed to
be initially unknown and then found out (NBC) through the least action principle.
The new EBC (3.16) must be combined with the obtained NBC [second relation of
Eq. (3.2)] which read as,(
δF †LFR
)∣∣∣
0
−
(
δF †RFL
)∣∣∣
0
=
(
δF †LFR
)∣∣∣
L
−
(
δF †RFL
)∣∣∣
L
= 0 . (3.19)
In fact each of the four sets of EBC in Eq. (3.16)-(3.18) imply the NBC (3.19) so that it is
sufficient to consider these EBC.
In other words, when deriving the NBC, before knowing the EBC (as described above),
one would sum generically in the action variations (3.1) the terms with all non-vanishing
field variations at boundaries but, once the EBC (3.16) are determined and selected (fixing
some fields at boundaries accordingly to Eq. (3.18)), keep explicitly only the known non-
vanishing variations (i.e. omit to vary the action with respect to known fields), do not
consider null terms and in turn similarly in the NBC (so that some terms of Eq. (3.19) are
omitted). Then the resulting NBC and EBC can be combined.
Now the general solutions (3.9) of the decoupled equations derived from the EOM (3.3),
once re-injected into the initial equations (3.7) on the profiles, become
fnL(y) = BnR cos(mn y)−BnL sin(mn y), fnR(y) = BnL cos(mn y) +BnR sin(mn y). (3.20)
These solutions are taken continuous at the boundaries in order to possibly have well-
defined derivatives appearing in the consistent Action (2.1), as also described in details
in Section 4.2.1. Applying the four sets of EBC from Eq. (3.16)-(3.17) to the solution
forms (3.20), it appears that certain constant parameters must be equal to zero and thus
we obtain the following four possible sets of profiles and KK mass spectrum equation
(∀n ≥ 0),
1) (−−) : dnL(y) = −BnL sin(mn y), (++) : dnR(y) = BnL cos(mn y) ; sin(mn L) = 0,
2) (++) : qnL(y) = BnR cos(mn y), (−−) : qnR(y) = BnR sin(mn y) ; sin(mn L) = 0,
(3.21)
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and,
3) (−+) : fnL(y) = −BnL sin(mn y), (+−) : fnR(y) = BnL cos(mn y) ; cos(mn L) = 0,
4) (+−) : fnL(y) = BnR cos(mn y), (−+) : fnR(y) = BnR sin(mn y) ; cos(mn L) = 0.
(3.22)
Here, we have used the standard BC notations, i.e. − or + for example at y = 0 stands
respectively for the Dirichlet or Neumann wave function BC: fnL/R(0) = 0 or ∂yfnL/R(0) = 0.
For instance, the symbolic notation (−+) denotes Dirichlet (Neumann) BC at y = 0
(y = L). The solutions (3.21) assigned to the (singlet / doublet component) quark fields
give rise to the chiral nature of the SM and to its correct chirality configuration, as described
in Section (2.3) for Eq. (3.21). The other solutions (3.22) lead to KK towers without zero-
modes like custodian states [see also the discussion on Eq. (3.22) in Section (2.3)].
Notice that the used BC (3.17) must be injected into the equations (3.7) issued from
the EOM as those are valid for any point of the extra dimension including the boundaries
[see the original Eq. (3.2)]. This leads to a new set of BC that we call the complete BC.
These complete BC are well satisfied by the final solutions (3.21) and (3.22).
The constants BnL =
√
2 eiαnL and BnR =
√
2 eiαnR (∀n > 0) 24, where αnL/R are real
angles, are fixed by the ortho-normalisation condition (3.11). The relation sin(mnL) = 0
has the following chosen solutions for the KK mass spectrum,
mn = +npiL (∀n ≥ 0) . (3.23)
The spectrum mn = −npiL [∀n ≥ 0] is also possible. Similarly, the relation cos(mnL) = 0
has the possible solutions mn = ±( pi2L + npiL ) [∀n ≥ 0].
The current from equations of motion
Alternatively, as the starting point, one can apply the vanishing conditions (3.15) (EBC)
on the same probability currents (3.12) (up to the definition constant −α(′)) satisfying
the conservation relations, ∂MjMF = 0, as derived directly (without applying the Noether
theorem) from a rewriting 25 of each free 5D Dirac equation (3.3) in the bulk:
iΓM∂MQ = 0 , iΓM∂MD = 0 . (3.24)
24For the solution 1, we find B0L = eiα
0
L while B0R = eiα
0
R for the solution 2 [c.f. Eq. (3.21)].
25Subtracting the Dirac equation to its Hermitian conjugate form, with the relevant 5D field and γ0
factors, and using the 5D Dirac matrix rules.
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In order to derive possible NBC, one has now to consider the action. The free bulk fermion
action can be rewritten, after an integration by part in the last two terms of Eq. (2.3), as
SΨ =
∫
d4x dy
∑
F=Q,D
{
iF †Rσ
µ∂µFR + iF †Lσ¯
µ∂µFL + F †R∂4FL − F †L∂4FR
+ 12 [δ(y − L)− δ(y)]
(
F †LFR − F †RFL
)}
. (3.25)
Injecting directly the EBC (3.15) into the Lagrangian would cancel out the boundary
terms of Eq. (3.25) and in turn spoil the necessary hermiticity of the action [being explicit
through Eq. (2.1)-(2.3)]. This feature reflects the fact that the action and the current
condition (3.15) are distinct ingredients defining the model. The proper method goes as
follows; the current condition (3.15) constitutes the EBC which will have to be combined
with the action minimisation relations.
So let us apply the least action principle to the Action (3.25). From the known
EBC (3.15), leading to the conditions (3.16), we deduce that the field FL|0 or FR|0 is
fixed to zero, as well as the field FL|L or FR|L, so that their functional variation vanishes
[as in Eq. (3.18)] and in turn the global variation of the action part in the second line
of Eq. (3.25) cancels out. Another way to find out this cancellation is to combine the
functional variation of the relation (3.15) with the variation of the terms in the second line
of Eq. (3.25). Therefore, the action minimisation only leads to the same bulk EOM as in
Eq. (3.3). These bulk equations induce the profile equations (3.7) whose solutions have
the forms given by Eq. (3.20), which are taken once more continuous at the boundaries.
As above, the EBC (3.15)-(3.16)-(3.17) applied to these solutions give rise to the final
profiles (3.21)-(3.22) and in turn to the mass spectrum discussed via Eq. (3.23).
3.1.3 Introducing the bilinear brane terms [NBC]
As announced at the end of Section 3.1.1, an alternative method 26 with respect to previous
subsection for finding out the same consistent physical solutions, for the mass spectrum
and the profiles, is to add the BBT (2.4) to the kinetic terms (2.3) so that the initial free
fermionic action becomes,
Sfree5D = SΨ + SB . (3.26)
Let us apply the least action principle using this action as the starting point. The action
based on Eq. (2.3), rewritten as the Action (3.25) and added to the BBT piece (2.4), reads
as, after combining the boundary terms,
Sfree5D =
∫
d4x dy
∑
F=Q,D
{
iF †Rσ
µ∂µFR + iF †Lσ¯
µ∂µFL + F †R∂4FL − F †L∂4FR
}
+
∫
d4x dy [δ(y − L)− δ(y)]
(
Q†LQR −D†RDL
)
.
26One could simultaneously impose the EBC (3.15) above and add the BBT to the action, but this
method would contain some redundancy.
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Without loss of generality, the stationary action condition can be split into these two
conditions with respect to the two field variations respectively,
0 = δ
F †L
Sfree5D =
∫
d4x
∫ L
0
dy
[
δF †L iσ¯
µ∂µFL − δF †L ∂4FR
]
+
∫
d4x CLF
[(
δF †L FR
)∣∣∣
L
−
(
δF †L FR
)∣∣∣
0
]
, (3.27)
0 = δ
F †R
Sfree5D =
∫
d4x
∫ L
0
dy
[
δF †R iσ
µ∂µFR + δF †R ∂4FL
]
+
∫
d4x CRF
[
−
(
δF †R FL
)∣∣∣
L
+
(
δF †R FL
)∣∣∣
0
]
, (3.28)
where CLD = 0, CRD = 1, CLQ = 1, CRQ = 0, for each field D, Q. For generic field variations
δF †L/R and δF
†
L/R
∣∣∣
0,L
, the sum of the first two terms, both in Eq. (3.27) and (3.28), must
vanish separately, leading to the same equations as the EOM (3.3) 27 and in turn via
Eq. (3.6) to the profile equations (3.7) with solutions (3.9). The general solutions (3.9),
once injected into the initial equations (3.7), take the specific forms (3.20). We are thus
left with the NBC:
CLF
(
δF †L FR
)∣∣∣
L
= 0, CLF
(
δF †L FR
)∣∣∣
0
= 0, CRF
(
δF †R FL
)∣∣∣
L
= 0 and CRF
(
δF †R FL
)∣∣∣
0
= 0 .
(3.29)
Then using the appropriate constants CL,RQ , C
L,R
D above for each field and generic variations
δF
(†)
L,R
∣∣∣
0,L
6= 0, it appears clearly that those BC belong to the set of BC (3.16)-(3.17) whose
application on the solution forms (3.20) leads to the two respective sets of profiles and
KK mass spectrum (3.21), as already derived. The structure of the profile solutions (3.21)
corresponds to the chiral nature and configuration of the SM as already explained in Sec-
tion 2.3.
For completeness, starting instead from the BBT (2.5) in the action for a given field
F ,
S′free5D = SΨ(F ) + S′B , (3.30)
the combination of the boundary terms leads to,
S′free5D =
∫
d4x dy
{
iF †Rσ
µ∂µFR + iF †Lσ¯
µ∂µFL + F †R∂4FL − F †L∂4FR
+
[
δ(y − L)σ + 12 + δ(y)
σ − 1
2
]
F †LFR +
[
δ(y − L)σ − 12 + δ(y)
σ + 1
2
]
F †RFL
}
.
27We obtain the Hermitian conjugate EOM and NBC by integrating by part the bulk piece of the relation
δFL,RS
free
5D = 0 (non-vanishing boundary terms appear due to the integration over the extra dimension) in
order to get rid of the field factors ∂MδFL,R.
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The stationary action condition can be split into the two following conditions,
0 = δ
F †L
S′free5D =
∫
d4x
∫ L
0
dy
[
δF †L iσ¯
µ∂µFL − δF †L ∂4FR
]
+
∫
d4x
[
σ + 1
2
(
δF †L FR
)∣∣∣∣
L
+ σ − 12
(
δF †L FR
)∣∣∣∣
0
]
, (3.31)
0 = δ
F †R
S′free5D =
∫
d4x
∫ L
0
dy
[
δF †R iσ
µ∂µFR + δF †R ∂4FL
]
+
∫
d4x
[
σ − 1
2
(
δF †R FL
)∣∣∣∣
L
+ σ + 12
(
δF †R FL
)∣∣∣∣
0
]
. (3.32)
Once more, the sum of the first two terms in Eq. (3.31) and (3.32), respectively, must
vanish, leading to the same profile equations as the ones deduced from Eq. (3.27)-(3.28)
and hence to the identical bulk solution forms (3.20). Nevertheless, we are now left with
the new NBC:
σ + 1
2
(
δF †L FR
)∣∣∣
L
= σ − 12
(
δF †L FR
)∣∣∣
0
= σ − 12
(
δF †R FL
)∣∣∣
L
= σ + 12
(
δF †R FL
)∣∣∣
0
= 0 .
(3.33)
Then for generic variations δF (†)L,R
∣∣∣
0,L
6= 0, it is clear that those BC belong to the set of
BC (3.16)-(3.17) whose application on the solution forms (3.20) leads, for σ = +1, to
the set 3 of profiles and KK mass spectrum in Eq. (3.22), and, for σ = −1, to the set 4
of solutions in Eq. (3.22), as already derived. The control of the BBT sign factor σ, in
Eq. (2.5), on the final solution structure appears here clearly. The profile solutions (3.22)
have a custodian chiral structure as already described in Section 2.3.
The current from action variations
In the presence of the BBT (2.4) or (2.5) [invariant under the transformations (3.13)],
as demonstrated in the beginning of Appendix B, the application of the Noether theorem
based on the bulk EOM (3.3) – derived from the variation of the Action (2.1)-(2.3) invariant
under the global U(1)F transformations (3.13) – leads to the same probability currents (B.4)
defined separately for the bulk fermions represented by the 5D fields F = Q,D, as in
Eq. (3.12). Now the NBC (3.29) or (3.33) induced by the BBT, as both satisfying the
BC (3.16), lead to 4 conditions of vanishing probability currents of the exact form (3.15).
In other words, the presence of the BBT guarantees (without imposing any condition)
the vanishing of the currents at both boundaries for each independent fermion species.
These BBT-induced conditions contribute to the consistent and complete definition of the
geometrical field configuration for the considered model with a finite extra spatial interval
in which fermionic matter is stuck.
The current from equations of motion
Alternatively, we can derive directly (without the Noether theorem) the conservation re-
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lations, ∂MjMF = 0, for the probability currents (3.12) from a rewriting 28 of each free 5D
Dirac equation (3.3) in the bulk as in Eq. (3.24). The BBT (2.4) or (2.5) affect only the
NBC derived from variation of the Action (2.1)-(2.3). The NBC (3.29) or (3.33), induced
by the BBT, both respect the BC (3.16), and hence lead to the 4 conditions of vanishing
currents (3.15). Therefore, as above, the BBT guarantee the vanishing of the currents at
both boundaries for each fermion species. Those conditions allow a consistent and complete
definition of the geometrical field set-up for the model with matter on an interval.
Let us close this part by remarking that one could as well combine the two approaches
to define the model: add a BBT only on an interval boundary for a given 5D field (as in
this Section 3.1.3) and apply the vanishing current condition only on the other boundary
(as in Section 3.1.2).
3.1.4 Presence of Yukawa couplings
In this section, we only describe the two steps of a first method [23, 29, 54–61], that will
turn out to be the correct method, for including the effects of the Yukawa terms (2.8) on
the final fermion spectrum. First, the free profiles and free spectrum are calculated within
a strict 5D approach whose correct treatment was exposed in details in Sections 3.1.2 and
3.1.3. Secondly, one can write a mass matrix for the 4D fermion fields involving the pure
KK masses [the free spectrum of first step] as well as the masses induced by the Higgs
VEV in the Yukawa terms (2.8) [with free profiles of first step] which mix together the
KK modes. The bi-diagonalisation of this matrix gives rise to an infinite set of eigenvalues
constituting the physical masses, as will be presented in Section 3.2.
3.2 The 4D fermion mass matrix
We focus on the fermion terms of the 5D Action (2.9) in order to work out the mass
spectrum: in particular on SΨ, SX and possibly SB (without direct effect on the mass
matrix (3.35) as explained in Section 2.3) if no EBC are applied. Those terms lead –
after insertion of the KK decomposition (3.5), use of free Eq. (3.7), ortho-normalisation
condition (3.11) and integration over the fifth dimension – to the canonical kinetic terms
for the 4D fermion fields as well as to the following fermionic 4D effective mass terms in the
Lagrangian density (and to independent 4D effective Higgs-fermion couplings not discussed
here),
− χ†LM χR + H.c.
in the combined basis for the left and right-handed (transposed) 4D fields:
χtL =
(
Q0tL , Q
1t
L , D
1t
L , Q
2t
L , D
2t
L , · · ·
)
χtR =
(
D0tR , Q
1t
R , D
1t
R , Q
2t
R , D
2t
R , · · ·
) . (3.34)
28Subtracting the Dirac equation to its Hermitian conjugate form.
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Notice that there exists only one chirality for the zero-modes as explained below Eq. (2.4).
The infinite mass matrix reads as
M =

α00 0 α01 0 α02 · · ·
α10 m1 α11 0 α12 · · ·
0 β11 m1 β12 0 · · ·
α20 0 α21 m2 α22 · · ·
0 β21 0 β22 m2 · · ·
...
...
...
...
... . . .

(3.35)
where mn is the free spectrum (3.23) and the free wave function overlaps with the Higgs-
brane are defined by (for real wave functions)
∀(i, j) ∈ N2, αij = X
L
qiL(L) d
j
R(L)
∀(i, j) ∈ N?2, βij = X
′
L
diL(L) q
j
R(L)
. (3.36)
As the profiles are the free ones [profiles and KK mass spectrum solutions (3.21) with SM
chiral structure], only the αij coefficients do not vanish.
The physical fermion mass spectrum is obtained by bi-diagonalising the mass ma-
trix (3.35). This method is called the perturbation method in the sense that truncating
the mass matrix at a given KK level corresponds to keeping only the dominant contribu-
tions to the lightest mass eigenvalue being the measured fermion mass (higher KK modes
tend to mix less to the zero-mode due to larger mass differences).
Extracting the mass spectrum equation from the characteristic equation for the Hermi-
tian-squared mass matrix (3.35), in the case of infinite KK towers, is not trivial. This useful
exercise was addressed analytically in Ref. [29] for the present toy model but with a 5D
Yukawa coupling constant (and in turn a X quantity) taken real. The resulting exact
equation – without any approximation – was found to be:
tan2(
√
|Mn|2 L) = X2 ⇔ tan(
√
|Mn|2 L) = ±X (∀n ≥ 0) . (3.37)
Let us present here the absolute values of the solutions (physical masses) of this equation:
|Mn| =
∣∣∣∣arctan(±X) + (−1)n n˜(n)piL
∣∣∣∣ (∀n ≥ 0) (3.38)
where the function n˜(n) is defined by n˜(n) =
n
2 for n even
n˜(n) = n+12 for n odd
(3.39)
so that the positive integer n labelling the mass eigenvalues remains as well the label of the
associated [as in the free case (3.6)] 4D mass eigenstates ψn(xµ) [like in Eq. (3.5)]. Besides,
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globally speaking, for the whole set of n-levels, the absolute value of the fermion mass has
a common generic expression for the two different classes (±X) 29 of solutions:
tan(
√
|Mn|2 L) = +X ⇒ |Mn| =
∣∣∣∣arctan(X) + (−1)n n˜(n)piL
∣∣∣∣ , (3.40)
or, tan(
√
|Mn|2 L) = −X ⇒ |Mn| = 1
L
|− arctan(X) + (−1)n n˜(n)pi| (3.41)
= 1
L
∣∣∣arctan(X) + (−1)n+1 n˜(n)pi∣∣∣
≡
∣∣∣∣arctan(X) + (−1)n n˜(n)piL
∣∣∣∣ .
The last equality is justified for the whole spectrum by the fact that, for two consecutive
n values (for one odd n and the following even n, with n > 0 30), (−1)n and (−1)n+1 span
the same two values ±1 while n˜(n) keeps the same value. Hence the two classes of solutions
in Eq. (3.40) and (3.41) may only differ by some different mass signs (remaining unfixed
in the solutions for absolute values).
To check that the counting of states is correct, we observe that, in the realistic case
|X|  1 (typically small SM masses compared to the KK scale), two consecutive absolute
masses |Mn| (for one odd n and the following even n, with n > 0) of Eq. (3.38) are equal at
leading order to the corresponding [unique n˜ value] absolute mass | ± n˜ pi/L| as in the free
spectrum (3.23). Hence, in the vanishing mixing limit [see matrix (3.35)], the two associated
consecutive mass eigenstates ψn(xµ) tend well to the two free 4D field components Qn˜(xµ)
and Dn˜(xµ) [of Eq. (3.6)].
4 5D Treatment: the regularisation doom
In this part, we work out the fermion mass spectrum in the defined model with the 5D
Action (2.9) using the alternative 5D approach based on the brane-Higgs regularisation [5,
21, 22, 24, 29, 45, 47] and we point out non rigorous patterns of this method.
4.1 Mixed Kaluza-Klein decomposition
As we have just seen in Eq. (3.34)-(3.35), after EW symmetry breaking, the infinite QnL
and DnL field towers mix together (as well as the QnR and DnR) to form 4D fields ψnL (and
ψnR) representing mass eigenstates. In order to take into account this mixing within the
5D approach, these common 4D fields ψnL are defined instead of the QnL and DnL fields (and
similarly for the right-handed fields) in the whole KK decomposition, then called a mixed
29The other solution, consisting alternatively of Eq. (3.40) for some n-levels and Eq. (3.41) for other
n-levels, has to be ruled out since the complete and consistent infinite mass spectrum solution is fixed in a
unique model hypothesis selected among the two given mathematical solutions (3.40) or (3.41), as Eq. (3.37)
determines the quantity
√
|Mn|2L modulo pi.
30The justification is obvious (no sign effect) for the special n-even case n˜(0) = 0.
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KK decomposition [instead of the free one in Eq. (3.5)] [22], as follows,
QL (xµ, y) =
1√
L
+∞∑
n=0
qnL(y) ψnL (xµ)
QR (xµ, y) =
1√
L
+∞∑
n=0
qnR(y) ψnR (xµ)
DL (xµ, y) =
1√
L
+∞∑
n=0
dnL(y) ψnL (xµ)
DR (xµ, y) =
1√
L
+∞∑
n=0
dnR(y) ψnR (xµ)
(4.1)
The 4D fields ψnL/R (∀n) must satisfy the Weyl equations iσ¯
µ∂µψ
n
L (xµ) = Mn ψnR (xµ)
iσµ∂µψ
n
R (xµ) = Mn ψnL (xµ)
(4.2)
where the spectrum Mn includes the mass contribution whose origin is the Yukawa cou-
plings (2.8). Note that in contrast with the free case, there is a unique mass spectrum
Mn for a unique 4D field tower ψnL/R(xµ). In order to guarantee the existence of diagonal
and canonical kinetic terms for those 4D fields ψnL/R, the associated new profiles must now
obey the two following ortho-normalisation conditions,
1
L
∫ L
0
dy [qn?C (y) qmC (y) + dn?C (y) dmC (y)] = δnm ,∀n , ∀m , (4.3)
for a chirality index C ≡ L or R. These two conditions are different from the four ones of
Eq. (3.11) due to the new mixed KK decomposition.
4.2 Inconsistencies of the Higgs shift procedure
Here we highlight the formal problems of the 5D process of shifting the brane-Higgs field [21,
24, 29] to get the fermion mass tower. Once more the considered fermion terms of the 5D
Action (2.9) are SΨ and SX (without SB which was missed in the relevant literature and
that will be taken into account in Section 5). The variations of the studied action lead to
the same free BC [second line of Eq. (3.2)] but to the following bulk EOM including the
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Yukawa coupling constants [instead of the free ones in Eq. (3.3)] 31,
iσ¯µ∂µQL + ∂4QR + δ(y − L) X DR = 0 ,
iσµ∂µQR − ∂4QL + δ(y − L) X ′ DL = 0 ,
iσ¯µ∂µDL + ∂4DR + δ(y − L) X ′ QR = 0 ,
iσµ∂µDR − ∂4DL + δ(y − L) X QL = 0 .
(4.4)
Indeed, in view of regularising the brane-Higgs field, the Yukawa interactions must be
included in the bulk EOM [29] – as done in the literature. Inserting the mixed KK decom-
position (4.1) in these 5D field EOM (4.4) allows to factorise out the 4D fields, obeying the
4D Dirac equations (4.2), and obtain the profile equations for each excited mode [instead
of the free ones in Eq. (3.7)]:
∀n ,

∂4qnR(y) +Mn qnL(y) = − δ(y − L) X dnR(y) ,
∂4qnL(y)−Mn qnR(y) = δ(y − L) X ′ dnL(y) ,
∂4dnR(y) +Mn dnL(y) = − δ(y − L) X ′ qnR(y) ,
∂4dnL(y)−Mn dnR(y) = δ(y − L) X qnL(y) .
(4.5)
Here we underline a first mathematical issue of this usual approach: introducing δ(y − L)
Dirac peaks 32 in these profile equations leads to relations between distributions 33 and
functions which are thus not mathematically consistent [31, 32].
The apparent “ambiguity” noticed in the literature (context of a warped extra dimen-
sion) was that the Yukawa terms in Eq. (4.5) are present only at the y = L boundary and
might thus affect the fermion BC. In order to avoid this question of a potential problem
(like a field vagueness), a regularisation of the brane-Higgs coupling was suggested forcing
to keep the free fermion BC in the presence of Yukawa interactions.
4.2.1 Regularisation I drawbacks
In the first type of regularisation applied in the literature [5, 21, 29], called Regularisation I,
the BC are considered at the first level of the procedure to be injected in Eq. (4.5) [29].
The free BC impose dnL(L) = qnR(L) = 0 [see respectively the first and fourth solutions in
31In the subsections on Higgs regularisations, we use the same Lagrangians as in the present paper but
the results and conventions from Ref. [29].
32Strictly speaking, a Dirac peak is a distribution although its historical name is “Dirac delta function”.
33Also called “generalised functions” in mathematical analysis.
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Eq. (3.21)] so that Eq. (4.5) is supposed to become
∀n ,

∂4qnR(y) +Mn qnL(y) = − δ(y − L) X dnR(y) ,
∂4qnL(y)−Mn qnR(y) = 0 ,
∂4dnR(y) +Mn dnL(y) = 0 ,
∂4dnL(y)−Mn dnR(y) = δ(y − L) X qnL(y) .
(4.6)
At this level, we point out a second lack of strictness in the standard treatment; the two
vanishing right-hand sides of Eq. (4.6) originate from the assumption that 0 × δ(0) = 0
whereas the quantity 0×δ(0) is rigorously undefined 34 which should forbid to continue this
standard method 35. In the next step of this method, the usual mathematical trick is to
shift the brane-Higgs coupling from the brane at y = L (TeV-brane in a warped framework)
by an amount :
∀n ,

∂4qnR(y) +Mn qnL(y) = − δ(y − [L− ]) X dnR(y) ,
∂4qnL(y)−Mn qnR(y) = 0 ,
∂4dnR(y) +Mn dnL(y) = 0 ,
∂4dnL(y)−Mn dnR(y) = δ(y − [L− ]) X qnL(y) .
(4.7)
Then the integration of the four relations of Eq. (4.7) over an infinitesimal range, tending
to zero and centered at y = L− , leads to 36
∀n ,

qnR([L− ]+)− qnR([L− ]−) = − X dnR(L− ) ,
qnL([L− ]+)− qnL([L− ]−) = 0 ,
dnR([L− ]+)− dnR([L− ]−) = 0 ,
dnL([L− ]+)− dnL([L− ]−) = X qnL(L− ) .
(4.8)
Another inconsistency arising here in the regularisation process is the following one. The
first and fourth relations in Eq. (4.8) show that the wave functions qnR(y) and dnL(y) possess
a discontinuity at y = L− . Hence the functions ∂4qnR(y) and ∂4dnL(y) are not defined at
34This quantity corresponds also to an undefined product, namely 0 ×∞, within the original simplified
description [62] still used in physics textbooks (together with normalisation conditions):
δ(y − L) ≡
{
0 if y 6= L
∞ if y = L .
35Such δ(0) divergences are automatically regulated – by the exchange of infinite towers of KK scalar
modes – for a brane-Higgs coupled to bulk scalar fields within a minimal supersymmetric scenario [63].
36The integration of Eq. (4.7) could also be performed over the interval [L − , L]; this variant of the
calculation, suggested in an Appendix of Ref. [21], represents in fact an equivalent regularisation process
leading to the same physical results and with identical mathematical inconsistencies.
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y = L − . Two of the integrations performed on Eq. (4.7) to get Eq. (4.8) are thus not
well defined. The fundamental theorem of analysis 37 [64] cannot be applied for functions
undefined on the whole interval of integration. Let us express this problem in other terms;
the functions ∂4qnR(y) and ∂4dnL(y) being not defined at y = L (in the limit  → 0), the
last two terms of the starting 5D Action (2.3) – defined along the interval C1 ≡ [0, L]
– are not well defined 38. Another definition problem appears in this regularisation; the
Action (2.8) is ill-defined [31, 32] since the Dirac peak δ(y − L) enters in particular as a
factor of the profiles qnR(y) and dnL(y) being not continuous at y = L, as deduced from
Eq. (4.8) – in the limit → 0 – combined with the free BC imposing dnR(L) 6= 0, qnL(L) 6= 0
[see respectively the first and fourth solutions in Eq. (3.21)] 39. Finally, the qnR(y) and
dnL(y) jumps at y = L, obtained when regularising the brane-Higgs coupling, conflict with
the field continuity axiom of the invoked theory of variation calculus and hence with the
Hamilton’s variational principle [30].
In the following steps of this Regularisation I, one solves Eq. (4.7) first in the interval
[0, L− ] (bulk EOM without Yukawa couplings) and applies the free BC at y = 0 on the
obtained profiles. Then one solves similarly Eq. (4.7) on [L − , L] before applying the
jump and continuity conditions (4.8) at y = L −  on the resulting profiles. The last step
is to apply the free BC at y = L on these profiles and take the limit → 0 (to recover the
studied brane-Higgs model) on the written BC. The obtained BC give rise to the equation
whose solutions constitute the fermion mass spectrum:
tan(Mn L) = X (∀n) . (4.9)
The absolute value of the mass spectrum induced by this equation is exactly the same as
the 4D approach result of Eq. (3.40)-(3.41).
4.2.2 Regularisation II drawbacks
Within the Regularisation II [21, 22, 24, 29], the Higgs coupling is first shifted in the bulk
equations (4.5) which become
∀n ,

∂4qnR(y) +Mn qnL(y) = − δ(y − [L− ]) X dnR(y) ,
∂4qnL(y)−Mn qnR(y) = δ(y − [L− ]) X ′ dnL(y) ,
∂4dnR(y) +Mn dnL(y) = − δ(y − [L− ]) X ′ qnR(y) ,
∂4dnL(y)−Mn dnR(y) = δ(y − [L− ]) X qnL(y) .
(4.10)
37Let (a, b) ∈ R2 and g be a continuous function on [a, b], then g admits continuous primitives on [a, b].
Let G be one of them, then one has:
∫ b
a
dy g(y) = G(b)−G(a).
38From the current point of view, the conservation condition (B.9) – involving in particular the 5D
probability current component (5.16) – cannot be properly written at any point along the fifth dimension
since qnR(y) and dnL(y) have discontinuities at y = L so that derivatives in ∂4j4 are not well defined there.
39The profiles qnL(y), dnR(y) are usually assumed to be continuous at y = L−  while qnR(y), dnL(y) remain
unknown exactly at this point.
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Integrating these four relations over an infinitesimal range centered at y = L−  gives:
∀n ,

qnR([L− ]+)− qnR([L− ]−) = − X dnR(L− ) ,
qnL([L− ]+)− qnL([L− ]−) = X ′ dnL(L− ) ,
dnR([L− ]+)− dnR([L− ]−) = − X ′ qnR(L− ) ,
dnL([L− ]+)− dnL([L− ]−) = X qnL(L− ) .
(4.11)
This set of conditions shows that the four wave functions undergo a jump at y = L− so that
their derivative with respect to y are not defined at this point. Hence the four integrations
performed on Eq. (4.10) to obtain Eq. (4.11) are not well defined in this regularisation. In
other terms, the continuity conditions (4.11) rely on the right-hand sides of the equations
so that one must choose a value for each profile exactly at y = L − . Taking a standard
mean value weighted thanks to a real number, c, Eq. (4.11) takes the form
∀n ,

qnR([L− ]+)− qnR([L− ]−) = − X d
n
R([L−]−) + c dnR([L−]+)
1+c ,
qnL([L− ]+)− qnL([L− ]−) = X ′ d
n
L([L−]−) + c dnL([L−]+)
1+c ,
dnR([L− ]+)− dnR([L− ]−) = − X ′ q
n
R([L−]−) + c qnR([L−]+)
1+c ,
dnL([L− ]+)− dnL([L− ]−) = X q
n
L([L−]−) + c qnL([L−]+)
1+c .
(4.12)
Scrutinising the left-hand sides of those four equations, one observes that jumps may
arise at y = L (under the limit  → 0) for the four profiles [for each excited nth mode].
Determining which profiles are discontinuous requires to consider the free BC at y = L
(before applying the limit  → 0), the various c values (including infinity) and the four
profiles simultaneously [as they are related through Eq. (4.12)]. The hypothesis that all of
the four profiles are continuous at y = L−  (in the limit → 0) corresponds to the same
field configuration as in the absence of Yukawa interactions 40 and leads thus to a free
fermion mass spectrum. This kind of solution was not considered in the literature since
it does not reproduce the SM at low-energies and is thus not realistic. Therefore, there
exists at least one profile discontinuous at y = L which in turn cannot be derived at this
point and leads to an undefined kinetic term [in the last two terms of 5D Action (2.3)].
Furthermore, the obtained discontinuous [at y = L] profile comes in factor of δ(y − L)
in Eq. (2.8), spoiling the mathematical validity of this action. Besides, once more, this
jump obtained at y = L within the regularisation process is not compatible with the field
continuity axiom implicitly used when applying the Hamilton’s variational principle.
In the next steps of Regularisation II, Eq. (4.10) is first solved over the domain [0, L−]
(free bulk EOM) and the free BC at y = 0 are applied on the resulting wave functions.
Eq. (4.10) is then solved over [L − , L] before the jump/continuity conditions (4.12) at
40Free BC for continuous profiles and free version of the bulk equations (4.10) without the jump condi-
tions (4.12) at y = L−  involving effectively the Yukawa couplings.
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y = L− are applied on the obtained profiles. Finally the free BC at y = L are implemented
on those profiles and one applies the limit  → 0 on the expressed BC. These BC make
appear the following fermion mass spectrum equation for c = 1:
tan(Mn L) =
4X
4 +XX ′ [∀n]. (4.13)
4.3 Inconsistencies of the softened brane-Higgs coupling
Another type of regularisation used in the literature (on warped models) [21, 22, 24–27, 29]
consists in replacing the Dirac peak δ(y − L) of Eq. (2.8) by a normalised square function
which has a vanishing width () and an infinite value (1/) in the limit  → 0 where
one expects to recover the considered model with a brane-Higgs coupling. Nevertheless,
we point out here that the Dirac peak δ(y − L) at the Higgs brane, and in turn the
original model, is not rigorously recovered via a limit, δ(y − L) = lim
→0 η(y − L), of a so-
called nascent delta function (or delta sequence) η – here the mentioned square function
– since such an equality is only symbolic: a distribution cannot be defined as the simple
direct limit of a basic function 41. Hence this would-be regularisation is not satisfactory in
the sense that it does not strictly reproduce the studied brane-Higgs scenario. By the way,
notice that no profile jump is needed to be imposed in this regularisation.
In addition, the two schemes of Regularisation I and II still hold in this framework of
a softened coupling and in case of Regularisation I a problem arises again: some terms of
the profile EOM are taken at zero based on the assumption that 0× δ(0) = 0 whereas the
quantity 0× δ(0) is undefined.
4.4 Two non-commutativities of calculation steps
The analytical differences of the mass spectra found in the Regularisations I and II, as well
as via the softened and shifted brane-Higgs peaks, could be compensated by the different
input values of the Yukawa coupling constant parameters (Y5 and Y ′5) to get identical phys-
ical mass values. Nevertheless, the Regularisations I and II are in fact physically different
as induces the existence of measurable flavour violating effective 4D Yukawa couplings at
leading order in v2/m21 which are generated by the Y ′5 couplings [22] being present ex-
clusively within Regularisation II (as appears clearly in the 4D approach). This physical
difference between the two schemes of regularisation raises the paradoxal question, of which
one is the sole correct analytical scheme to use, and represents thus as a confirmation of
the inconsistency of regularising the Higgs peak. These two schemes of regularisation are
obtained [29] by commuting in the 4D calculation (of masses and couplings) the order-
ing of implementation of the two limits  → 0 [the regularising parameter  defined in
Eq. (4.7)] and N → ∞ [the upper value N of the KK level n in Eq. (3.5)]. Therefore,
this physical non-commutativity of calculation steps reflects the inconsistency of the Higgs
41Strictly speaking, it is the effect of the Dirac peak in the integration of a function f(y) over an interval
covering the point y = L,
∫
δ(y−L)f(y)dy = f(L), which can be reproduced via an integration of the type,
lim
→0
∫
η(y − L)f(y)dy = f(L), not performed in the present regularisation.
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peak regularisation. Another paradoxal non-commutativity of calculation steps arising in
the context of regularisation of a brane-Higgs coupled to bulk fermions was discussed in
Ref. [25, 26]: different results of Higgs production/decay rates when taking → 0 and then
NKK →∞ 42 [24] or the inverse order [28] in their calculation. We can thus interpret now
this second non-commutativity of calculation steps as being another effect, and in turn an-
other confirmation, of the problematic Higgs regularisation (also expected with a warped
extra dimension). Hence, the theoretical debate in the literature about the origins of those
two non-commutativities [involving ] finds its solution in the mathematically ill-defined
(see above) and unnecessary (see below) Higgs regularisation [introducing ].
5 5D Treatment: the correct approach
In this part, we consider the presence of the Yukawa couplings (2.8) and present the rigorous
5D method to calculate the fermionic mass spectrum – which does not require any kind of
regularisation. We follow the main lines of the methodology developed for the free case in
Section 3.1.
5.1 The naive approach
For the fermion masses, the relevant part of the considered Action (2.9) to start with is
Sm5D = SΨ + SX −
∫
d4x dy δ(y) LB , (5.1)
where the first term based on Eq. (2.3) can be recast into Action (3.25) and LB includes
the BBT of Eq. (2.4). Regarding the free brane at y = 0, we could equivalently apply the
EBC (3.15) instead of including these BBT, as we have exposed in details in Sections (3.1.2)-
(3.1.3). Now without loss of generality, the least action principle leads to the four following
conditions,
0 = δ
Q†L
Sm5D =
∫
d4x dy δQ†L [iσ¯
µ∂µQL − ∂4QR]
+
∫
d4x
[
δQ†L
(1
2QR −XDR
)]∣∣∣∣
L
−
∫
d4x
(
δQ†LQR
)∣∣∣
0
,
0 = δ
Q†R
Sm5D =
∫
d4x dy δQ†R [iσ
µ∂µQR + ∂4QL] +
∫
d4x
[
−δQ†R
(1
2QL +X
′DL
)]∣∣∣∣
L
,
0 = δ
D†L
Sm5D =
∫
d4x dy δD†L [iσ¯
µ∂µDL − ∂4DR] +
∫
d4x
[
δD†L
(1
2DR −X
′?QR
)]∣∣∣∣
L
,
42Here NKK stands for the number of excited fermion eigenstates exchanged at the loop-level.
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0 = δ
D†R
Sm5D =
∫
d4x dy δD†R [iσ
µ∂µDR + ∂4DL]
+
∫
d4x
[
−δD†R
(1
2DL +X
?QL
)]∣∣∣∣
L
+
∫
d4x
(
δD†RDL
)∣∣∣
0
. (5.2)
Like in the studied free case, as the non-vanishing field variations δF †L/R, δF
†
L/R
∣∣∣
0,L
are
generic, the sum of the first two terms (first line), in each of those four relations, must
vanish separately, which brings in the same equations as the 5D EOM (3.3) and hence –
via the mixed KK decomposition (4.1) and 4D Dirac-Weyl equations (4.2) – the profile
equations
∀n ≥ 0 ,

∂4qnR(y)−Mn qnL(y) = 0
∂4qnL(y) +Mn qnR(y) = 0
∂4dnR(y)−Mn dnL(y) = 0
∂4dnL(y) +Mn dnR(y) = 0
(5.3)
whose solutions are found to be [with distinct constants for fnL/R(y) = qnL/R(y) or fnL/R(y) =
dnL/R(y)], as in Eq. (3.20),
fnL(y) = BnR cos(Mn y)−BnL sin(Mn y), fnR(y) = BnL cos(Mn y) +BnR sin(Mn y). (5.4)
The NBC resulting from Eq. (5.2) read as:{
(QR − 2X DR)|L = 0, (DR − 2X ′? QR)|L = 0, QR|0 = 0,
(QL + 2X ′ DL)|L = 0, (DL + 2X? QL)|L = 0, DL|0 = 0.
(5.5)
Combining these NBC leads to the following consistency conditions on the Lagrangian
parameters,
4XX ′? = 4X?X ′ = 1 , (5.6)
and in turn to 4|XX ′| = 1 and αY ′ = αY + 2kpi where k is an integer and X = |X| eiαY ,
X ′ = |X ′| eiαY ′ , the real numbers αY , αY ′ representing the complex phases. The BC (5.5),
combined with the bulk profile EOM (5.3) [with solutions (5.4)] taken at y = L, constitute
the complete BC. Referring to the dependence on the quantity X(′), we denote (×) this new
class of complete BC at the brane with a Yukawa coupling (here at y = L) to distinguish
them from the Dirichlet BC usually noted (−) or the Neumann BC noted (+). The
BC (5.5) on the 5D fields give rise to the following conditions on the profiles, through the
KK decomposition (4.1),
∀n ≥ 0 ,
{
qnR(L)− 2X dnR(L) = 0, dnR(L)− 2X ′? qnR(L) = 0, qnR(0) = 0,
qnL(L) + 2X ′ dnL(L) = 0, dnL(L) + 2X? qnL(L) = 0, dnL(0) = 0,
(5.7)
since the 4D fermion fields for the mass eigenstates cannot be linearly related – as discussed
below Eq. (3.7). Those profile conditions, once applied on the solutions (5.4), lead to the
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form,
∀n ≥ 0 ,
{
qnL(y) = CnR cos(Mn y), qnR(y) = CnR sin(Mn y),
dnL(y) = −DnL sin(Mn y), dnR(y) = DnL cos(Mn y),
(5.8)
together with the relations,
tan(Mn L) = 2X
DnL
CnR
= 2X? C
n
R
DnL
⇒ tan2(Mn L) = 4|X|2 ,
cot(Mn L) = 2X ′
DnL
CnR
= 2X ′? C
n
R
DnL
⇒ cot2(Mn L) = 4|X ′|2 . (5.9)
These last two mass spectrum relations induced are strictly equivalent thanks to Eq. (5.6).
The obtained mass spectrum allows to determine for instance the BC (−×) of the profile
dnL(y): dnL(0) = 0 and dnL(L) = −DnL sin(Mn L).
Let us check the validity of the obtained solutions. In the decoupling limit of high
KK masses (compared to the typical SM energy scale) applied to the present model, one
expects to recover approximately the SM set-up at low-energies. This decoupling condition
is necessary for the theoretical consistency of the model and it is generically imposed by
the experimental constraints. First, according to Eq. (5.9), the lightest mode mass is,
M0 =
1
L
arctan(±2|X|) = 1
L
arctan(±√2|Y4Lv|) ∼
m1|v|
±√2|Y4v| , (5.10)
since m1 = pi/L [c.f. Eq. (3.23)]. This 4D effective fermion mass [c.f. Eq. (4.2)] is well
proportional to the Higgs VEV as in the SM. Secondly, the effective Yukawa coupling
constant in the 4D action term involving the lightest modes, − ∫ d4xY00Hψ0†L ψ0R + H.c., is
obtained by injecting the KK decompositions (4.1) in Eq. (2.7) and then integrating over
y, by using the wave functions (5.8) to take into account the mass mixings induced by the
Yukawa couplings (5D method):
Y00 =
Y5
L
q0?L (L) d0R(L) +
Y ′?5
L
d0?L (L) q0R(L)
= Y5
L
C0?R D
0
L cos2(M0 L)−
Y ′?5
L
D0?L C
0
R sin2(M0 L)
= Y5
L
C0?R D
0
L cos2(M0 L)− 4
Y ′?5
L
D0?L C
0
RXX
? cos2(M0 L)
= Y5
L
C0?R D
0
L cos2(M0 L)− 4
Y ′?5
L
(C0?R )2
D0?L
C0RX
2 cos2(M0 L)
= Y5
L
C0?R cos2(M0 L)
[
D0L −
C0?R
D0?L
C0R
]
=
m1|v|
0 , (5.11)
where we have used subsequently the deduced equation and the relation involving X? in
the first line of Eq. (5.9) before invoking Eq. (5.6); as indicated right above, for high KK
mass values, C0RC0?R = D0LD0?L so that Y00 vanishes which differs from the SM framework.
Indeed, applying the ortho-normalisation condition (4.3), for n = m = 0, to the solution
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profiles (5.8), we deduce that∫ L
0
dy
[
q0?L (y) q0L(y) + d0?L (y) d0L(y)
]
=
∫ L
0
dy
[
q0?R (y) q0R(y) + d0?R (y) d0R(y)
]
⇔ |C0R |2
sin(2M0L)
2M0L
= |D0L |2
sin(2M0L)
2M0L
(5.12)
which induces |C0R|2 = |D0L|2 (and in turn |D0L|2 6= 0) in the decoupling limit of Eq. (5.10)
where |2M0L| ∼
m1|v|
2
√
2|Y4vL|  2
√
2|Y4|pi = O(pi) and hence |2M0L| < pi so that we can
divide Eq. (5.12) by sin(2M0L)/2M0L being non-vanishing 43. The decoupling condition is
thus not respected which reveals a problem in the present treatment of the studied model.
The problematic vanishing of the effective 4D Yukawa coupling constant Y00 results from
the invariance of the Action (5.1) under the exchange transformation, Q ↔ D together
with Y ?5 ↔ Y ′5 at y = L [symmetry also explicit in Eq. (5.3) and (5.7)]: this symmetry will
be broken in the correct treatments presented below. A confirmation of the failure of the
present 5D treatment is the non-matching of the obtained spectrum equation (5.9) with
the 4D matrix method result (3.37). Therefore, the treatment of the brane-Higgs coupling
of this subsection should be reconsidered: we present the other methods in the next two
subsections.
5.2 Introducing the fermion current condition [EBC]
Like in the free case treated in Section 3.1.2, we now try to define well the geometrical
field configuration of the considered scenario based on the action Sm5D of Eq. (5.1). In
this scenario, the two 5D fields Q,D propagate only inside the interval C1 ≡ [0, L]. This
set-up translates into a condition of vanishing probability current at both boundaries. The
current is here the sum of the two individual currents of type (3.12) for the two species
Q,D since those fermions are mixed together through the mass terms (2.8). To find out
this current form rigorously, we first vary the action as in the beginning of Section 5.1
and deduce the 5D EOM (3.3) whose profile solutions were given in Eq. (5.4). Then using
the obtained EOM (3.3), we apply in Appendix B the Noether theorem to work out the
probability current (B.9) 44 which reads as,
jM = −α
(
Q¯ ΓMQ+ D¯ ΓMD
)
, (5.13)
as dictated by the global U(1) symmetry of the Action (5.1) relying on the transformations,
QL/R 7→ eiαQL/R , DL/R 7→ eiαDL/R . (5.14)
43We can also justify that sin(2M0L)/2M0L is not vanishing from the deduced relation in the first line
of Eq. (5.9) since one needs |X| 6= 0 to have M0 6= 0 [c.f. Eq. (5.10)] when m1  |v| (decoupling condition
on the fermion mass).
44This result holds as well in the case without BBT.
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α (∈ R) is a continuous parameter [now forced by the invariant terms (2.8) to be common
for the two fields Q,D] involved for example in the infinitesimal field variations,
δQL = iαQL , δQ†L = −iαQ†L . (5.15)
We thus find that the effect of the Yukawa interactions is not to modify the currents but
rather to force one to add them up for having a probability conservation relation (due to the
induced mixing among the Q and D fields). Finally, the condition of vanishing probability
current at the boundary where is located the Yukawa coupling reads as 45,
j4
∣∣∣
L
= −α
(
Q¯ Γ4Q+ D¯ Γ4D
)∣∣∣
L
= iα
(
Q†RQL −Q†LQR +D†RDL −D†LDR
)∣∣∣
L
= 0 .
(5.16)
For a non-trivial transformation with α 6= 0, the field variation of this relation is(
δQ†RQL +Q
†
RδQL − δQ†LQR −Q†LδQR + δD†RDL +D†RδDL − δD†LDR −D†LδDR
)∣∣∣
L
= 0.
(5.17)
The variation calculus chronology here is quite simple as no field is fixed by the EBC (5.16):
the fields [and their respective variations] are instead related via this Eq. (5.16) [and
Eq. (5.17)]. Now the part of the variation of the action Sm5D, from Eq. (5.1), contain-
ing the boundary terms is written in Eq. (C.1) of the Appendix C. The complementary
variation of the bulk action vanishing separately was already used just above to derive
the 5D EOM (3.3). Notice that this variation of the bulk action with respect to the non-
conjugate 5D fields in δFL,RSm5D requires an integration by part to recover the Hermitian
conjugate form of the EOM (3.3) [visible in Eq. (5.2)] and the boundary terms in δFL,RSm5D
[visible in Eq. (C.1)]. One could think of obtaining NBC and their Hermitian conjugate
form respectively from δFL,RSm5D and δF †L,RS
m
5D [as obtained in Eq. (5.5)], in Eq. (C.1), but
in fact all the field variations are connected via the relation (5.17) so that one can not
get rid of those directly. There is no consistent way of combining the NBC (C.1) [even by
splitting it into several vanishing expressions] with the EBC (5.17) in order to get some
set of BC and another set made of the Hermitian conjugate BC, except in the special but
excluded case (see right below) where,
QL|L = DL|L = QR|L = DR|L = 0 . (5.18)
One could impose the condition (C.1) to be realised separately leading to the NBC (5.5)
(and their Hermitian conjugate form) which induce 46 the EBC (5.16), but one would then
be back to the case of Section 5.1 which has been ruled out due to the decoupling limit
argue and the non-matching of the 4D versus 5D results. The drastic BC (5.18) (or the
Hermitian conjugate form), imply obviously both the EBC (5.16) and NBC (C.1) but lead
to an inconsistency which reveals a problematic solution. Indeed, the BC (5.18), once
45The current condition at the other boundary is taken into account through the BBT in the last term
of Eq. (5.1).
46As can be seen by replacing Q†L,R|L and DL,R|L in the expression (5.16) thanks to the two relations in
the first and second column of Eq. (5.5) respectively.
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applied to the solutions (5.4), induce two equations that, after being squared and summed
together, give the identity (BnR)2 = (BnL)2 [∀n ≥ 0] for both the Q and D fields: considering
any n-level, the case BnR = ±BnL = 0 (for Q and D) conflicts with the normalisation
condition (4.3), while for BnR = ±BnL 6= 0 (for at least one of the two fields Q,D) the
two mentioned equations result in the simultaneous equalities cos(MnL) = sin(MnL) and
cos(MnL) = − sin(MnL) whose unique solution cos(MnL) = sin(MnL) = 0 makes no
sense. As a conclusion, the impossibility, to combine the EBC and NBC for getting some
set of BC together with a complementary set made of their Hermitian conjugate, conflicts
with the Feynman prescription for particles and anti-particles – according to which the
fields and their Hermitian conjugate undergo identical physical equations (up to complex
conjugate coupling constants). This conflict 47 shows that the present approach of the
configuration with a Yukawa coupling located at a boundary, based on the vanishing of the
fermion current taken as an EBC, is not yet the correct one. The origin of the problem
being that the current (5.13) does not contain an explicit term that involves the Yukawa
coupling constant.
5.3 Introducing the bilinear brane terms [NBC]
As in the free case, we try here to apply the alternative treatment, based on the introduction
of the BBT at y = L, in order to develop a consistent approach. We consider the fermion
part of the Action (2.9):
S′m5D = SΨ + SB + SX , (5.19)
based on the kinetic part (3.25), the BBT (2.4) and the mass terms (2.8). The boundary
fields F |0,L are initially unknown so that their functional variations will be taken non-
vanishing: δF |0,L 6= 0. Without loss of generality, the stationary action condition can be
split into the two following conditions for each field F = Q,D [extending Eq. (3.27)-(3.28)
to include the Yukawa terms] together with the two other equations δFLS′m5D = δFRS′m5D = 0,
0 = δ
F †L
S′m5D =
∫
d4x
∫ L
0
dy
[
δF †L iσ¯
µ∂µFL − δF †L ∂4FR
]
(5.20)
+
∫
d4x
{
CLF
[(
δF †L FR
)∣∣∣
L
−
(
δF †L FR
)∣∣∣
0
]
−CLF X
(
δF †L DR
)∣∣∣
L
− CRF X ′?
(
δF †L QR
)∣∣∣
L
}
,
0 = δ
F †R
S′m5D =
∫
d4x
∫ L
0
dy
[
δF †R iσ
µ∂µFR + δF †R ∂4FL
]
(5.21)
+
∫
d4x
{
CRF
[
−
(
δF †R FL
)∣∣∣
L
+
(
δF †R FL
)∣∣∣
0
]
−CRF X?
(
δF †R QL
)∣∣∣
L
− CLF X ′
(
δF †R DL
)∣∣∣
L
}
,
47As described in the free case [below Eq. (3.25)], the direct injection of the EBC (5.16) in the Action (5.1)
would cancel out the boundary terms at y = L in Eq. (3.25) spoiling then the needed hermiticity of the
whole action Sm5D and leading thus to a related problem.
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using the same CL,RQ,D definitions as in Eq. (3.27)-(3.28). Once more, the non-vanishing
field variations δF †L/R, δF
†
L/R
∣∣∣
0,L
being generic, the sum of the first two terms (first line) in
Eq. (5.20) and (5.21) respectively must vanish separately, which brings in the 5D EOM (3.3)
and in turn – through the mixed KK decomposition (4.1) and 4D Dirac-Weyl equations (4.2)
– the wave function equations (5.3) with solutions as in Eq. (5.4):
qnL(y) = BnR cos(Mn y)−BnL sin(Mn y), qnR(y) = BnL cos(Mn y) +BnR sin(Mn y), (5.22)
dnL(y) = DnR cos(Mn y)−DnL sin(Mn y), dnR(y) = DnL cos(Mn y) +DnR sin(Mn y),
using here new constant parameters BnL/R, DnL/R. Note that, in contrast, grouping directly
the terms involving CL/RF factors with the first two terms in Eq. (5.20) and (5.21) – simply
thanks to the introduction of Dirac peaks at y = 0, L – would lead to mathematically
meaningless relations between 5D functions and distributions. Finally, the NBC resulting
from Eq. (5.20)-(5.21) read as:
(QR −X DR)|L = 0, (DL +X? QL)|L = 0, X ′? QR|L = 0, X ′ DL|L = 0,
QR|0 = 0, DL|0 = 0. (5.23)
Integrating by part the bulk terms in the other relations δFLS′m5D = δFRS′m5D = 0 allows to
recover the Hermitian conjugate form of the EOM (3.3) as well as the Hermitian conjugate
form of the NBC (5.23). The NBC (5.23) can be rewritten without loss of generality as,
(QR −X DR)|L = 0, (DL +X? QL)|L = 0, X ′ = 0 or {QR|L = 0 and DL|L = 0},
QR|0 = 0, DL|0 = 0,
and in turn as,
BC 1 : X DR|L = 0, X? QL|L = 0, QR|L = 0, DL|L = 0, QR|0 = 0, DL|0 = 0,
or ,
BC 2 : (QR −X DR)|L = 0, (DL +X? QL)|L = 0, X ′ = 0, QR|0 = 0, DL|0 = 0.
(5.24)
The lightest fermionic state possesses a mass equal to the α00 element of the 4D mass
matrix (3.35) in the decoupling limit m1 → ∞ of the studied high-energy scenario, which
allows to reproduce well the SM mass expression at the low-energy scales. For this purpose,
one must have in particular a non-vanishing Yukawa coupling constant and X 6= 0 so that
the BC 1 read as,
BC 1 : DR|L = 0, QL|L = 0, QR|L = 0, DL|L = 0, QR|0 = 0, DL|0 = 0,
BC at y = L exactly similar to those in Eq. (5.18) which have been ruled out. Hence
we exclude the BC 1. Let us move to the BC 2 which can be expressed in terms of the
profiles, thanks to the relevant mixed KK decomposition (4.1), as follows (together with
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the condition X ′ = 0),
BC 2 : ∀n ≥ 0 , qnR(L)−X dnR(L) = 0, dnL(L) +X? qnL(L) = 0, qnR(0) = 0, dnL(0) = 0 .
So these BC 2 at y = 0 applied on the solutions (5.22) produce the following profiles,
qnL(y) = BnR cos(Mn y) , qnR(y) = BnR sin(Mn y) , (5.25)
dnL(y) = −DnL sin(Mn y) , dnR(y) = DnL cos(Mn y) .
One must be careful to avoid some of the mathematical inconsistencies also encountered in
the regularisation procedures of Section 4: in particular the existence of any profile jump at
the interval boundaries which would induce an undefined derivative term in the 5D Action
based on Eq. (2.3) [last two terms], an ill-defined term in the Action (2.8) – where the
Dirac peak δ(y − L) would come in factor of a profile discontinuous at y = L – and finally
would conflict with the field continuity axiom of the invoked theory of variation calculus.
Therefore, we are taking all the profiles continuous at both boundaries which is the reason
why we have applied the BC 2 at y = 0 on the bulk expressions (5.22). The application of
the BC 2 at y = L on the resulting bulk expressions (5.25) gives rise to the relations [using
Mn, B
n
R, D
n
L 6= 0,∀n ≥ 0, to be checked a posteriori],
tan(Mn L) = X
DnL
BnR
= X?B
n
R
DnL
,
which can be recast into (via XDnL=ˆ|X|D′nL , ∀n ≥ 0)
tan(Mn L) = ± |X|, D′nL = ±BnR , (5.26)
assuming that the generic phase αY of the 5D Yukawa coupling constant, defined by
X = |X| eiαY as below Eq. (5.6), is included into a new parameter D′nL =ˆDnL eiαY =
|DnL| ei(α0+αY ). At this level, it is important to highlight the fact that it is the same ±
sign entering the two equalities in Eq. (5.26). We already remark the real mass spec-
trum resulting from Eq. (5.26), even for a Yukawa coupling constant with a non-vanishing
imaginary part. Now let us first apply the orthogonality conditions of Eq. (4.3) on the
solutions (5.25):∫ L
0
dy [Dn?L DmL sin(Mn y) sin(Mm y) + Bn?R BmR cos(Mn y) cos(Mm y)] = 0, ∀n 6= m∫ L
0
dy [Bn?R BmR sin(Mn y) sin(Mm y) +Dn?L DmL cos(Mn y) cos(Mm y)] = 0. (5.27)
We insert trigonometric formulae 48 in this equalities, in order to perform the integration,
and then make use of another type of trigonometric relation 49 to obtain the following
48Of the kind, cos(Mn y) cos(Mm y) = [cos(Mn y +Mm y) + cos(Mn y −Mm y)]/2.
49 sin(Mn L−Mm L) = sin(Mn L) cos(Mm L)− cos(Mn L) sin(Mm L).
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simplified form [∀n,m with n 6= m],
sin(MmL) cos(MnL)
M2n −M2m
[MmBn?R BmR +MnDn?L DmL ] = [MnBn?R BmR +MmDn?L DmL ]
× sin(MnL) cos(MmL)
M2n−M2m ,
sin(MmL) cos(MnL)
M2n −M2m
[MmDn?L DmL +MnBn?R BmR ] = [MnDn?L DmL +MmBn?R BmR ]
× sin(MnL) cos(MmL)
M2n−M2m .
We can divide these equalities by cos(MnL) cos(MmL) since cos(MnL) 6= 0 [∀n] (as the
mass spectrum given by Eq. (5.26) is not a free one); we get [∀n,m with n 6= m],
tan(MmL) [MmBn?R BmR +MnDn?L DmL ] = tan(MnL) [MnBn?R BmR +MmDn?L DmL ] ,
tan(MmL) [MmDn?L DmL +MnBn?R BmR ] = tan(MnL) [MnDn?L DmL +MmBn?R BmR ] .
Using the spectrum of Eq. (5.26), getting rid of the common factor (Mn −Mm) in those
two equations and dividing the resulting equalities by the constant parameters allowing to
separate the n and m dependences, we find the unique relation
Dn?L
Bn?R
= B
m
R
DmL
, ∀n,m with n 6= m,
which is clearly true since we know from Eq. (5.26) that BnR = ±D′nL = ±DnL eiαY (∀n).
Secondly, we apply the normalisation conditions of Eq. (4.3) on the profile solutions (5.25)
obeying the constraints (5.26) [implying |BnR|2 = |DnL|2]:∫ L
0
dy |BnR|2
[
sin2(Mn y) + cos2(Mn y)
]
= L, ∀n.
Those conditions allow to complete Eq. (5.26) which becomes,
∀n , tan(Mn L) = ± |X|, D′nL = ±BnR, |BnR| = |DnL| = 1 , (5.28)
and exhibits then the three following types of solutions,
I : ∀n, tan(Mn L) = + |X|, BnR = ei(α0+αY ), DnL = eiα0 ,
II : ∀n, tan(Mn L) = − |X|, BnR = ei(α0+αY ±pi), DnL = eiα0 ,
III : Solution I for some n values and II for other n values,
α0 becoming the common phase (defined modulo 2pi). Following a similar discussion as the
one below Eq. (3.40)-(3.41), we can claim that for the whole set of n-levels the absolute
– 36 –
value of the fermion mass has the following common expression for the Solutions I and II:
tan(Mn L) = +|X| ⇒ |Mn| =
∣∣∣∣arctan(|X|) + (−1)n n˜(n)piL
∣∣∣∣ , (5.29)
or, tan(Mn L) = −|X| ⇒ |Mn| ≡
∣∣∣∣arctan(|X|) + (−1)n n˜(n)piL
∣∣∣∣ ,
using the n˜(n) function already defined in Eq. (3.39). Once again, the Solution III must
be excluded as the complete and consistent infinite mass spectrum solution is determined
within a unique model hypothesis selected among the two given mathematical solutions, I
or II, since Eq. (5.29) fixes the quantity MnL modulo pi.
Within the simplified case of a real 5D Yukawa coupling constant (|X| = X), we
thus find that the unique tower (5.29) of absolute values of the physical fermion masses
is matching the one obtained in the 4D approach: Eq. (3.40)-(3.41). This exact 4D-5D
matching confirms the overall consistency of our calculations – without regularisations –
and is of course expected to be reached as well for a complex 5D Yukawa coupling constant.
In particular, the insensitivity of the 4D fermion mass matrix (3.35) to the Y ′5 coupling
constant [described below Eq. (3.36)] matches interestingly the spectrum independence on
Y ′5 induced by the result Y ′5 = 0 obtained in the BC 2 [see Eq. (5.24)] used for the 5D point
of view.
Let us give an intuitive interpretation of the absence of rôle for the Y ′5 coupling (in-
volved in X ′) in the final spectrum (5.29) which depends only on the X quantity. Starting
with the free Action SΨ + SB, the profiles dnL(y) and qnR(y) [∀n], defined by Eq. (3.5) and
with solutions (3.21), vanish in particular at the boundary y = L. Hence the term with a
X ′ coefficient in the Action piece SX of Eq. (2.8), once added to SΨ + SB, is expected to
have a vanishing factor coming from the integration over the interval due to the Dirac peak.
This argument is only intuitive as it does not really include the possible ‘back reaction’
effect of the X ′ term on the profiles via modified BC.
Finally, let us discuss the condition on the fermion current for the boundary at y = L.
Inserting the four expressions of Q(†)R and Q
(†)
L , provided by the first two NBC of Eq. (5.24)
at y = L, in the current condition (5.16) leads to a trivially true equality (all the four
terms involving exclusively D(†)L,R fields cancel each other). This feature means that the
NBC (5.24) imply the condition (5.16) so that the geometrical field set-up of the present
model with matter stuck on an interval is well defined.
As a conclusion, adding BBT at the brane with the Yukawa coupling to bulk fermions
permits a consistent treatment of the considered scenario and a correct calculation of the
mass spectrum.
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6 Overview and implications
6.1 The action content
In Table 1, we summarise the results for the obtained fermion BC at a single 3-brane.
We conclude from this table that for fermions on an interval and coupled or not to a
brane-localised Higgs field, either BBT should be generated in the action or conditions
should arise on the fermion current (forcing then the 4D treatment in case of a brane
Yukawa coupling) depending on the origin of the model at high-energies. In the same spirit,
notice that the UV completion will determine whether the selection of fermion boundary
conditions is imposed or deduced from the action form. The UV completion should not
bring simultaneously EBC (imposing vanishing currents) and BBT (guaranteeing current
vanishing) because it would be possible but redundant. It is interesting to observe anyway
that the necessary additional fermionic ingredient, with respect to the kinetic terms, reveals
that limiting the integration domain of the action does not suffice to define consistently
and completely the basic field configuration along the interval (or more generally over a
compactified space). Indeed, without having a vanishing fermion current at a boundary,
one could imagine a source of creation or a mechanism of absorption for particles at the
boundary. Therefore, the present status, resulting from this analysis and its synthesis, is
that the action expression may not contain all the information (e.g. current conditions)
needed to define an higher-dimensional model, regarding the geometrical set-up and field
configurations.
No boundary Vanishing current Bilinear brane
characteristic condition [EBC] terms [NBC]
4D approach (Impossible) BC (±) BC (±)
5D approach (Impossible) (Impossible) BC (×)
Table 1: Bulk fermion BC (when a consistent determination exists) at a 3-brane where is located
the Higgs boson coupled to these fermions, for different boundary treatments: presence of BBT,
vanishing of the probability current or nothing specific. The 4D line holds as well for the 5D
approach of the free brane. As usual, the Dirichlet BC are noted (−), the Neumann BC (+) and
we denote (×) the new BC depending on the Yukawa coupling constant. See also the main text
for the BC, NBC and EBC acronym definitions.
Based on the above results, we describe now the generic methodology to find out the
mass spectrum and KK wave functions (allowing to calculate the 4D effective couplings)
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along the extra spatial dimension(s) of a given scenario. For this purpose, we present in
Fig. 1 a schematic description of the main principles. The figure must be understood as
follows. A given extra-dimensional model must be first defined by its geometrical set-up
[space-time structure and field location configuration], its field content and its internal
(gauge groups,. . . ) as well as other types (the Poincaré group here) of symmetries. These
three types of informations determine entirely the action form 50 whose minimisation gives
rise to the 5D EOM and NBC. Besides the geometrical hypotheses of the model, concern-
ing for instance the space limits for field propagation, may produce probability current
conditions translating into EBC 51 which must be combined with these NBC. At this level,
a choice of the combined BC obtained can be required (if not determined automatically by
the action structure itself). Then the KK decomposition (together with the EOM on the
4D fields) allows to derive the EOM and BC on the KK profiles along the extra dimen-
sion(s). The last step is obviously to solve these profile EOM, coupled to the complete BC,
in order to work out the mass spectra.
Figure 1. Inverse pyramidal picture illustrating the general principles for determining the wave
functions and masses of mixed KK modes within a given model based on extra dimension(s). Same
notations as in the main text are used.
6.2 Implementation of the cut-off on energy
We have to discuss the cut-off treatment as the framework of higher-dimensional models
is non-renormalisable theories which are valid in a limited domain of energy, up to a cer-
tain scale, set by perturbativity conditions on effective dimensionless couplings. If the UV
completion of such models affects the KK excitation towers and thus the fermion mass
50Within a well-understood scenario, all terms of the Lagrangian density should be deduced from the
model definition exclusively: absence of couplings from symmetries, presence of BBT from the geometrical
set-up, etc
51The EBC could also originate from the definition of the symmetry of orbifold scenarios.
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spectrum, in an unknown way, then its calculation must includes the KK state masses only
up to the cut-off value typically (the UV corrections at low-energies can be parametrised
via higher-dimensional operators). In a case of absence of UV effects on the specific mass
spectrum sector, the whole KK towers should be taken into account at the mass calculation
level since even the smallest mass eigenvalues can be affected by the mixing effects of the
infinite towers. Now in both situations, only the eigenstates with masses up to the cut-
off scale should be considered for the phenomenological observables (reaction amplitudes,
rates,...) due to the non-renormalisable nature of the theory. Technically, the implemen-
tation of an energy cut-off in the bulk fermion mass calculation and tree-level Lagrangian
construction forces the use of the 4D approach. Indeed, the mixed KK decomposition (4.1),
used in the 5D approach, includes the mixing of the whole tower: the fields ψnL,R(xµ) are
mass eigenstates.
6.3 Phenomenological impacts
In the appropriate treatment developed in the present paper, without regularisation, the
obtained mass spectrum and effective 4D Yukawa coupling depend on Y5 but not on the
Y ′5 coupling constant. For instance in Eq. (5.11), one should in fact apply the result Y ′5 = 0
as dictated by the relevant BC 2 in Eq. (5.24). Applying an energy cut-off in the process
of mass calculation would not affect this independence on Y ′5 as is clear from the point of
view of the 4D approach.
The results for fermion masses and profiles are also correct when one invokes the Higgs
peak Regularisation I which cancels out the Y ′5 dependence. Hence, the phenomenological
analyses of the literature based on such results are still valid: see for instance Ref. [5, 7,
8, 23, 61, 65–68]. Those studies apply on the geometrical background with warped extra
dimensions where the KK spectrum independence on Y ′5 is expected to occur as well.
Note that the results from Regularisation I and the correct ones, in the approach
without regularisation at all, are exactly identical only by accident. Indeed in the Regular-
isation I, considering first the 5D treatment, the mass spectrum calculation in presence of
Yukawa couplings suffers from two errors which exactly cancel out each other: there are no
BBT, which affects the resulting spectrum equation by a factor 2 [as seen when comparing
the spectra with BBT in Eq. (5.29) and without BBT in Eq. (5.9)], and a regularisation
is applied. Now starting from the 4D treatment of Regularisation I and adding BBT (or
current conditions) would have no effect on the 4D mass matrix [as described in Section 2.3]
like avoiding the regularisation process [as there is no analytical effect of Regularisation I
in which the limit → 0 is taken at the first step [29]]: the results of Regularisation I are
thus the same as in the correct approach.
In contrast, if the Higgs peak Regularisation II is used, the obtained fermion masses
and 4D Yukawa couplings depend on both Y5 and Y ′5 so that the results differ effectively
from the correct ones. Hence, the phenomenological studies based on these analytical
results (for example Ref. [22, 24–27]) should be reconsidered or redone.
For example, the effective 4D Yukawa couplings to fermions and their KK excitations
affect the main Higgs production mechanism at the Large Hadron Collider (LHC): the
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gluon-gluon fusion via triangular loops of (KK) fermions. Hence the effect of the realistic
limit [29] of vanishing Y ′5 on the constraints on KK masses derived in the studies [24–27],
within the warped background and based on the Regularisation II, should be calculated
precisely.
Besides, the rotation matrices diagonalising the 4D fermion mass matrix (3.35) do not
diagonalise simultaneously the effective 4D Yukawa coupling matrix since the last one does
not contain matrix elements made of the pure KK masses. The induced flavour violating
4D Yukawa couplings are generated at leading order by Y ′5 contributions as can be shown
diagrammatically [22]. Hence there exist large Flavour Changing Neutral Current (FCNC)
effects in measured ∆F = 2 processes such as K¯ −K, B¯ −B and D¯ −D mixings, mainly
produced by tree-level exchanges of the Higgs boson via Y ′5 couplings, which lead to consid-
erable lower bounds on the KK boson mass scale (in balance via opposite Yukawa coupling
dependences with the ones from the tree-level contribution of the KK gluon exchange)
found to be around 6−9 TeV in the analysis [22] on warped extra dimensions using indeed
the Regularisation II. Hence these bounds should be significantly suppressed in the realistic
situation where Y ′5 → 0; this limit should indeed be applied since the independence found
in the present paper upon Y ′5 (extended via flavour indices) remains true for the case of
three flavours, as well as for fermion bulk masses, as is clear in the 4D approach where the
βij-elements (3.36) of the mass matrix still vanish. The predictions of Ref [22], based on
Regularisation II, that FCNC reactions involving Yukawa couplings, like the rare top quark
decay t→ ch and exotic Higgs boson decay to charged leptons h→ µτ , can be observable
at the LHC deserve reconsiderations as well when Y ′5 = 0.
7 Summary and conclusions
For bulk fermions coupled to a brane-Higgs boson, we have shown that the proper calcula-
tion of the fermion masses and effective 4D Yukawa couplings does not rely on Higgs peak
regularisations. The justifications are the following ones: (i) There are no fermion wave
function jumps at the Higgs boundary so no motivation to introduce an arbitrary regular-
isation, (ii) the regularisations suffer from several mathematical discrepancies confirmed
by two known non-commutativities of calculation steps, (iii) the right method without
any regularisation is validated in particular by the converging results of the 4D versus 5D
treatments.
In the rigorous method developed for both free and brane-coupled bulk fermions, we
have also pointed out the necessity to either include BBT in the Lagrangian density, or
alternatively impose vanishing conditions for probability currents at the interval bound-
aries. Here the arguments go as follows: (i) the presence of BBT guarantees the vanishing
current conditions which define the field geometrical configuration of the model, (ii) the
BBT and current conditions allow to find physically consistent fermion masses, bulk pro-
files and effective 4D Yukawa couplings (solutions fulfilling the normalisation constraints,
the Hermitian conjugate BC and the decoupling limit condition), (iii) the BBT lead to the
expected matching between the 4D and 5D calculation results.
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The BBT represent a possible origin of the chiral nature of the SM as well as of
its chirality distribution among quark/lepton SU(2)L doublets and singlets. Those terms
could thus provide new clues about the UV completion of the SM.
Depending on the UV completion, the general methodology worked out reveals that the
informations regarding the definition of an higher-dimensional model are not necessarily
fully contained in the action itself – through the deduced EOM and NBC – but might be
partly included as well in the EBC.
We have finished the analysis by the descriptions of the appropriate energy cut-off
procedure in the present framework, and, of the phenomenological impacts of the new
calculation method which predicts the independence of the fermion masses and effective
4D Yukawa couplings on the Y ′5 parameter of the Lagrangian. This different coupling
feature, with respect to the Regularisation II usually applied in the literature, should
in particular suppress significantly the previously obtained severe bounds on KK masses
induced by FCNC processes generated via flavour violating couplings of the Higgs boson.
An extension of the present study, to generic BBT, fermion bulk masses, warped extra
dimensions and orbifold scenarios, is under progress [43].
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Appendix
A Notations & conventions
Throughout the present paper, we use the conventions of the Ref. [69].
The 5D Minkowski metric is,
ηMN = diag(+1,−1,−1,−1,−1). (A.1)
The 4D Dirac matrices are taken in the Weyl representation,
γµ =
(
0 σµ
σ¯µ 0
)
with
{
σµ =
(
I, σi
)
,
σ¯µ =
(
I,−σi) , (A.2)
where σi (i = 1, 2, 3) are the three Pauli matrices:
σ1 =
(
0 1
1 0
)
, σ2 =
(
0 −i
i 0
)
, σ3 =
(
1 0
0 −1
)
. (A.3)
One has also the 4D chirality operator,
γ5 = i
3∏
µ=0
γµ =
(
−I 0
0 I
)
. (A.4)
With our conventions, the 5D Dirac matrices read as,
ΓM =
(
γµ, iγ5
)
. (A.5)
B Noether theorem including brane-localised terms
Here we demonstrate the Noether theorem in the presence of boundary-localised Yukawa
couplings and BBT. We first consider the free Action (2.1) together with the BBT (2.4)
[or (2.5)] being invariant under the transformations (3.13) affecting the fields but not the
coordinates zM . The infinitesimal action variation under such a transformation on the field
F reads generically as,
δ(SΨ + SB) =
∫
d4x
{
− δFα ∂LB
∂Fα
∣∣∣∣
0
− δF¯α ∂LB
∂F¯α
∣∣∣∣
0
+ δFα ∂LB
∂Fα
∣∣∣∣
L
+ δF¯α ∂LB
∂F¯α
∣∣∣∣
L
}
+
∫
d4x dy
{
δFα
∂LΨ
∂Fα
+ δF¯α∂LΨ
∂F¯α
+ δ(∂MFα)
∂LΨ
∂(∂MFα)
+ δ(∂M F¯α)
∂LΨ
∂(∂M F¯α)
}
.
(B.1)
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Now we invoke the generic version of the EOM, ∂LΨ∂Fα = ∂M
∂LΨ
∂(∂MFα) , as found in Eq. (3.3)
52,
not including the possible BBT contributions rather involved in the separate NBC, as found
in Eq. (3.4)-(3.19) [without BBT] and (3.29)-(3.33) [with BBT]. Using these EOM to rewrite
the first two terms in the second line of Eq. (B.1) and then grouping those with the last
two terms to make global derivatives appear, we find:
δ(SΨ + SB) =
∫
d4x
{
− δFα ∂LB
∂Fα
∣∣∣∣
0
− δF¯α ∂LB
∂F¯α
∣∣∣∣
0
+ δFα ∂LB
∂Fα
∣∣∣∣
L
+ δF¯α ∂LB
∂F¯α
∣∣∣∣
L
}
+
∫
d4x dy
{
∂M
(
δFα
∂LΨ
∂(∂MFα)
)
+ ∂M
(
δF¯α
∂LΨ
∂(∂M F¯α)
)}
.
(B.2)
The four terms in the first line (right-hand side) of this equation vanish since the infinite-
simal field variations (3.14) lead for instance to,
− δQα ∂LB
∂Qα
∣∣∣∣
0
− δQ¯α ∂LB
∂Q¯α
∣∣∣∣
0
= 12Q¯(iαQ)
∣∣∣∣
0
+ 12(−iαQ¯)Q
∣∣∣∣
0
= 0 . (B.3)
A similar cancellation, due to the symmetry of the model, arises for the last two terms at
y = L and the D field contributions (relying on the α′ parameter).
The infinitesimal variation of the invariant Lagrangian from Eq. (2.1) and (2.4) vanishes
when integrated over the whole space [δ(Sψ + SB) = 0] and even over any 5D domain Ω,
as the transformation affects the fields only. The first line (right-hand side) of Eq. (B.2)
vanishes as well for any integration volume Ω due to relations of type (B.3) when Ω includes
the boundaries y = 0, L and due to the absence of Dirac peak in the integration domain in
the other case. Therefore, mathematically, Eq. (B.2) implies the vanishing of its second line
for any integration region Ω and in turn (the fields being fixed by the geometrical model
configuration over the whole interval) the local conservation relation for the 5D probability
current of the field F ,
∂Mj
M
F = 0 , for any zM , with jMF = δFα
∂LΨ
∂(∂MFα)
+ δF¯α ∂LΨ
∂(∂M F¯α)
. (B.4)
Note that an alternative instructive reading, based on the global derivatives of the
second line in Eq. (B.2) and an integration over a generic 5D domain Ω, is that the
second line vanishing leads to a cancellation of the sum over the differences of current
components (each difference integrated over the complementary dimensions). This can-
cellation expresses the 5-current conservation over all directions (equality of the global
ingoing and outgoing currents with respect to a given hyper-volume Ω) and is thus nothing
else but a strictly equivalent, and less convenient, form of the conservation relation (B.4):
global versus local conservation of the full current jMF . For a consistency check, let us
wonder what happens when the entire 5D domain is considered (i.e. Ω represents the
whole 5D bulk). Then the differences jµF (+∞, y) − jµF (−∞, y) tend to zero – due to the
52Of course similar EOM hold for the complex conjugate fields.
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vanishing of fields at infinite coordinates imposed by the vanishing boundary terms is-
sued from the least action principle and independently to the wave function normalisation
conditions – so that one gets
∫
d4x [j4F (xµ, L) − j4F (xµ, 0)] = 0. This specific conserva-
tion property of the 5-current (or of the matter presence probability) must be compatible
with the geometrical field configuration defining the model. The definition of the interval,
j4F (xµ, L) = j4F (xµ, 0) = 0 [∀xµ] as in Eq. (3.15) for the present scenario, satisfies well this
conservation property. It is obviously not the only way to respect the property. For exam-
ple, within an orbifold scenario, the boundary point identification establishing the space
periodicity, y = 0 ≡ L⇒ j4F (xµ, 0) = j4F (xµ, L), realises as well the mentioned conservation
pattern.
Let us now extend the demonstration of the Noether theorem to the presence of BBT
and boundary-localised Yukawa couplings by considering the free Action (2.1) together
with the BBT (2.4) and the Yukawa terms (2.7). This whole action SΨ + SB + SY is
invariant under the transformation (5.14). The infinitesimal action variation under this
transformation reads as,
δ(SΨ + SB + SY) =
∑
F=QL/R,DL/R
∫
d4x
{
− δFα∂LY
∂Fα
∣∣∣∣
L
− δF †α ∂LY
∂F †α
∣∣∣∣
L
}
+
∑
F=Q,D
∫
d4x
{
− δFα ∂LB
∂Fα
∣∣∣∣
0
− δF¯α ∂LB
∂F¯α
∣∣∣∣
0
+ δFα ∂LB
∂Fα
∣∣∣∣
L
+ δF¯α ∂LB
∂F¯α
∣∣∣∣
L
}
+
∑
F=Q,D
∫
d4x dy
{
δFα
∂LΨ
∂Fα
+ δF¯α∂LΨ
∂F¯α
+ δ(∂MFα)
∂LΨ
∂(∂MFα)
+ δ(∂M F¯α)
∂LΨ
∂(∂M F¯α)
}
.
(B.5)
Invoking once more the EOM, ∂LΨ∂Fα = ∂M
∂LΨ
∂(∂MFα) , including neither the possible BBT
contributions nor the Yukawa terms (both rather entering the separate NBC), we can
rewrite the first two terms in the third line of Eq. (B.5) and then grouping those with the
last two terms to make global derivatives arise:
δ(SΨ + SB + SY) =
∑
F=QL/R,DL/R
∫
d4x
{
− δFα∂LY
∂Fα
∣∣∣∣
L
− δF †α ∂LY
∂F †α
∣∣∣∣
L
}
+
∑
F=Q,D
∫
d4x
{
− δFα ∂LB
∂Fα
∣∣∣∣
0
− δF¯α ∂LB
∂F¯α
∣∣∣∣
0
+ δFα ∂LB
∂Fα
∣∣∣∣
L
+ δF¯α ∂LB
∂F¯α
∣∣∣∣
L
}
+
∑
F=Q,D
∫
d4x dy
{
∂M
(
δFα
∂LΨ
∂(∂MFα)
)
+ ∂M
(
δF¯α
∂LΨ
∂(∂M F¯α)
)}
.
(B.6)
Here the four terms in the second line cancel each other since for example the infinitesimal
field variations (5.15) lead to,
− δQα ∂LB
∂Qα
∣∣∣∣
0
− δQ¯α ∂LB
∂Q¯α
∣∣∣∣
0
= 12Q¯(iαQ)
∣∣∣∣
0
+ 12(−iαQ¯)Q
∣∣∣∣
0
= 0 , (B.7)
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and the first line (right-hand side) vanishes as for instance the infinitesimal field variations
of type (5.15) lead to,
∑
F=QL/R,DL/R
[
− δFα∂(Y5Q
†
LHDR)
∂Fα
∣∣∣∣∣
L
− δF †α∂(Y5Q
†
LHDR)
∂F †α
∣∣∣∣∣
L
]
=
− Y5Q†LH(iαDR)
∣∣∣
L
− Y5 (−iαQ†L)HDR
∣∣∣
L
= 0 . (B.8)
Therefore considerations on the vanishing infinitesimal variation (B.6) over a generic 5D
domain Ω, similar as in the free case, lead to the local conservation relation for the 5D
probability current,
∂Mj
M = 0 , for any zM , with jM =
∑
F=Q,D
δFα
∂LΨ
∂(∂MFα)
+ δF¯α ∂LΨ
∂(∂M F¯α)
. (B.9)
C Boundary conditions
In this Appendix, we write down the global boundary condition derived from the initial
variation of the action Sm5D in Eq. (5.1):
δ
Q†L
S|b + δQ†RS|b + δD†LS|b + δD†RS|b + δQLS|b + δQRS|b + δDLS|b + δDRS|b = 0 , with,
δ
Q†L
Sm5D 3 δQ†LS|b =
∫
d4x
[
δQ†L
(1
2QR −XDR
)]∣∣∣∣
L
−
∫
d4x
(
δQ†LQR
)∣∣∣
0
,
δ
Q†R
Sm5D 3 δQ†RS|b =
∫
d4x
[
−δQ†R
(1
2QL +X
′DL
)]∣∣∣∣
L
,
δ
D†L
Sm5D 3 δD†LS|b =
∫
d4x
[
δD†L
(1
2DR −X
′?QR
)]∣∣∣∣
L
,
δ
D†R
Sm5D 3 δD†RS|b =
∫
d4x
[
−δD†R
(1
2DL +X
?QL
)]∣∣∣∣
L
+
∫
d4x
(
δD†RDL
)∣∣∣
0
,
δQLS
m
5D 3 δQLS|b =
∫
d4x
[(1
2Q
†
R −X?D†R
)
δQL
]∣∣∣∣
L
−
∫
d4x
(
Q†RδQL
)∣∣∣
0
,
δQRS
m
5D 3 δQRS|b =
∫
d4x
[
−
(1
2Q
†
L +X
′?D†L
)
δQR
]∣∣∣∣
L
,
δDLS
m
5D 3 δDLS|b =
∫
d4x
[(1
2D
†
R −X ′Q†R
)
δDL
]∣∣∣∣
L
,
δDRS
m
5D 3 δDRS|b =
∫
d4x
[
−
(1
2D
†
L +XQ
†
L
)
δDR
]∣∣∣∣
L
+
∫
d4x
(
D†LδDR
)∣∣∣
0
. (C.1)
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